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SPECTRAL PROPERTIES OF NON-SELFADJOINT ELLIPTIC
OPERATORS ASSOCIATED WITH BILINEAR FORMS

ALI SAMERIPOUR

RESUME. L’auteur étudie les propriétés spectrales de I’opérateur elliptique non auto-
adjoint
) =~ Y 2] (e (0)a() 2 (3
8x j ax,‘

i=1j=1

défini sur I’espace de Hilbert H, = L?(Q) associé a la forme bilinéaire
du du
S = [ (P ais()at) 52 (9,000 5 (9)

ol 0 < o < u/n, p(x) = dist{x,S}, g(x) € C*(Q,EndC"), a;;(x) = aji(x) € C*(Q)
pour tous i, j € {1,...,n} etil existe M > 0 tel que |s|> <MY, Yy aij(x)sis; pour
tous x € Q et s € C". Il est supposé de plus que pour tout x € Q, la fonction matricielle
g(x) a des valeurs propres simples situées dans C\Q, ot Q = {z € C : |argz| < ¢},

o< (0,m).

ABSTRACT. The author investigates the spectral properties of the non-self adjoint el-
liptic operator

L d 20 du
)=~ 5 3 7 o et 31 0}
defined on the Hilbert space H; = L>(Q)" associated with the bilinear form
du du
S = [ (0% as()a) 52 09,000 5 (9)
where 0 < a < pu/n, p(x) = dist{x, S}, g(x) € C?(Q,EndC") a;j(x) = ai(x) € C*(Q)
for all i, j € {1,...,n}, and there exists M > 0 such that |s|* <MY} ¥t a;j(x)si5;

for all x € Q and s € C". It is further assumed that for all x € Q, the matrix function
q(x) has simple eigenvalues lying in C\Q, where Q = {z € C: |argz| < ¢}, ¢ € (0, 7).

1. Introduction. Let Qy C R" be a bounded domain with a smooth boundary. Suppose
that S C Qg is a closed manifold with finite dimension p € {1,...,n—1}. Let Q = Qp\S
and consider the space J¢; = WZ%Q(Q)é = Wz% o () X - X Wz% « (&) of vector functions
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110 Spectral properties of non-selfadjoint elliptic operators

u(x) = (u1(x),...,ue(x)) defined on Q with finite norm

. ) 1/2
lul . = (;/pza(x) (C[dx+/§2|u(x)|é[) .

This paper extends results given in [5—6] and explores new conditions. For exam-
ple, an asymptotic formula is given for the distribution of eigenvalues of the operator A
when p € {1,...,n—1} and o < p/n.

More specifically, we investigate the spectral properties of the non-self adjoint el-
liptic differential operator

Ju
o (x)

(Au)(x):_i n aaxj{pza(x)aij(x)q(X)g)I:i(X)}

defined on H, = L*(Q)" which is associated to the bilinear form
d d
)= | < P (Wi (¥)ax) 5 - <x>,p“<x>a—; (x) >cr dx,
where 0 < o < pu/n, p(x) = dist{x,S}, g(x) € C>(Q,End C), a;;(x) = a;i(x) € C}(Q)
foralli,j€ {1,...,n}, and there exists M > 0 such that all x € Q and s € C"

n n
|s|* < MZ Z a;j(x)sis;.

i=1 j=1
We further assume that for all x € Q, the matrix function g(x) has simple eigenval-
ues fy(x), ..., (x) in the complex plane outside the sector Q = {z € C : |argz| < ¢},
¢ € (0, 7). In other words, p;(x) € C2(Q), t;(x) € C\Q and w;(x) # p;j(x) for all i # j.
Proceeding as in [4], we extend the domain of the operator A to the closed set

Here W3,,.(Q)" = W1, (Q) x -+ x W}, (Q) is the (-fold product of the space
W3,..(Q) of functions u(x) on Q such that

2
Y [0 o < oo
=07

on some open set J C Q.

We denote by ¢ the closure of CB"(Q)‘Z with respect to the above norm, where
Ci () is the space of infinitely differentiable functions with compact support in Q.

When ¢ = 1, we note 7 = 74 and %:% Here and in the sequel, we take
argz € (—m, x| and || T|| denotes the norm of the bounded operator T on Hy.

2. Spectral properties. Let the operator A be defined as in Section 1, and let Q C C
be some closed sector with vertex at 0. Let also S C Q\R. be a closed sector with
vertex at 0, where R denotes the positive real numbers. Furthermore, suppose that
the eigenvalues i (x),...,t(x) of the matrix function g(x) belong to C?(Q), so that
the oscillation of the values of their argument does not exceed 7/16. We then have the
following result.
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Theorem 1. If S is defined as above, then for any A € S whose modulus is sufficiently
large, the inverse operator (A — A1)~ exists and is continuous in L*(Q)’. Furthermore,
there exist sufficiently large numbers Mg > 0 and Cs > 0 depending on S such that for
all |A| 2 CS,
l(A—AD)"]| < M|A| " ()
Let A1, A, ... denote the eigenvalues of the operator A in Q, enumerated in non-
decreasing order of their absolute values (taking into account their algebraic multiplic-
ity). Let N(¢) = card{j : |A;| <t} for all # > 0. According to Theorem 1, the operator
A has finitely many eigenvalues in any closed sector Q. Therefore,

lim argA; = 0.

J*)oo

Theorem 2. Under the above assumptions and the condition @ < |L/n, one has

4
N() ~ (27) "2 Y / P () w2 (x) //det a(x)dx,
=17

as t — oo, where v, denotes the volume of the unit ball in R" and a(x) = (a;;(x)) ;_;-

Proof of Theorem 1. It is based on estimates of the resolvent of the operators Ay,..., Ay
defined on S = J#] by

A = L3 P e om sy )

o d dy
D<Ak) = {ye%mwg,loc Zza P al].uka GH}

i=1j=1
Using the partition of unity and the assumed condltion on the eigenvalues, we con-
struct non-negative functions @, (x),..., ¢, (x) € C*(Q) with the property that for all
X €Q, x1,x2 €supp @y, and j € {1,...,m},

ifpzi(x)zl and  Jarg{p(x1)pg ' (2 )}|<16

We then construct functions f, (x) € C 2(Q) such that i (x) = i (x) for all x € supp ¢y,
and y, (x) € Sforallx € Q. Fork € {1,...,f} and r € {1,...,m}, we have

g, (g ()} < 5 @

for all x1,x, € supp(@x, ). From these conditions, we can first prove Theorem 1 in the
simple case .7 = .7/{. The general case .7¢; then follows by diagonalisation.
Define

W) =L ¥ 5 (P way, (9 5 ()

and
_ ° 2 Ny 2, . 9Y
D(Ay) = (Y€ Wyoe(Q): ) ), = [ p*aijts, 5= | €H .
. J 1

By (2), there exist complex numbers Z; € C with |Z;, | = 1 such that
d <Re{Ziw, (x)}, A <—-Re{Z A}, ¢ >0. (3)
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forall x € Q, A € S. According to the uniformly elliptic condition, we have
c|s|? —cZ|s 2 < Z Zall X)Si8;
i=1j=
forall ¢ >0, s = (s1,...,5,) € C"and x € Q.

Letting s; = dy/dx; in the latter relation, one can see that

2 n o n
CZ dy , . dy

i;]: aij (x )3xl( )8xj (x).
From this, and in view of the first inequality in (3), we obtain
2
non ay ay
<Re{Zo i, (0} Y Yan0) 5 (007 (0

Jf

Bx,

dy
I (x)

Upon multiplying both sides of the latter relation by the positive term p?%(x) and
integrating on both sides, we find

2 "z
CIZ/p dx < Re{Zk,}ZZ/sza(x)aij( ) (x )39)6]1( );jj(x)

8x,

I
~
(¢]

~—

N

—
|

Sy 9 a9V
ZZ axjp at}.ukraxi (x)ay(x)

=
= Re{Z,} (Ayy,y). “4)

Here, (-,-) denotes the inner product in H.

Note that the equality in (4) stems from the well-known theorem on m-sectorial
operators. These operators are associated with the closed sectorial bilinear forms that
are densely defined in 7. For further explanations, see Theorem 1 in Chapter 6 of [4].

Now combine the second inequality in (3) and

[ btoPdx= () = Iy > 0.
We get
] [ I(oPdx < —Re{Z 2} ().

From this and the previous inequality, we find

ClZ/P ‘ (x)

dx+c|7t|/|y )Pdx < ReZ {(Agy.y) —A(,y)}

= ReZ, ((Ay, —AD)y,y)
< Nz I Iyl [ (Ax, = Ayl

= [yl (A, = AD)y|. (5)
Relation (5) implies that either

ALy (ol ZCW/Q\y(X)!deS VI [(A, = ADy|

or
AL ly@)ll < Ms||(Ag, — AD)y][- (6)
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This inequality ensures that the operator Ay — A/ is one-to-one, which implies that
ker(Ay, — AI) = 0. Therefore the inverse operator (A;, — A1) ™! exists and is continuous.
Lety = (A, — AI)~' f with £ € H in (6). It follows that
AL (A, =207 f]| < M| (A, — AD) (A, — A1) ],
because
(A, = AD(Ax, =AD" f =1(f) = f
and hence
AL (A, =207 () < Ml 1]
However, A # 0 and hence
(A, =20~ ()] < Ms|A] 1.
In other words,
(A, = A1)~ < Ms[A] " (7

Let us now derive another estimate. Proceeding as in the argument leading to (5),
we observe that

952w et o] 52wl a4 -2

Consequently,

22 W) < 19111 ¢4, A1 ||

ol

8xl ‘
Sety = (A, — AI)~! f with f € H in the latter relation. Proceeding as in the deriva-
tion of (7), we find

1

P 2
“ 2, = AN ] Ak = AN A = A0, = AD T

Considering that (A;, — AI)(Ay, — AI) "' f = I(f) = f, it follows that

o J - 2 —
3 @ =207 < [l -2 | |5

In view of (7), we then have

1

o5~ A0 < Ml 517
In the end, we have
d / 1/2
e (A=A H<M|M ®)

From this, and according to Hardy’s 1nequahty, we conclude that

HPZ(Z 1 1H<M3

o (A = AD)” H<MM| 2. (9)
For k € {1,...,¢}, let us introduce the operator

A=Y o (A, — AL gy, (10)

r=1
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in 7. Here ¢, is the operator of multiplication by the function ¢, (x). Simple com-
putations yield
A0 gy,

r

(Ak—AI)Gk(),) = I+p2al ZBkr Ak

ZZyk,, Ak—w O, (11)

i=lr=

where B and ¥, (x) € L..(Q) are bounded functions while supp f., supp %, (x) C
supp ¢, . From Equations (7) — (9), we see that for all A € S with [A| > 1,

[(Ak=ADG(A) =] <M |A|7V/2. (12)
Thus for k € {1,...,¢}, the representation
(A =AD" = G I+ F()),  |IF(A)] < M7 (13)

is valid for all A € S with |A| > Cy. We can thus get an estimate of the resolvent of the
operators Ay. In fact, for k € {1,...,¢}, we have

(A=A~ < M|A|~12

forall A € S such that |A| > 1.
Now we diagonalise the matrix function g(x), viz.

q(x) = U(x)Ax)U ™ (x),

where U (x), U~ (x) € C?(Q,EndC') and A(x) = diag{u; (x),..., s (x)}.
Let I'(A) = UB(A)U ™, so that the operator B(A) in the direct sum

Hy=H® - ®H({-fold)
has the representation
B(A) =diag{(A; —AD)7',..., (A — A"},

where A € S with |A| > Cs and (Uu)(x) = U (x)u(x) for all u € Hy. It is easily verified
that

n

(A—ADT(A) =1+ p>* 1 (x)go(x)B(A)U ! + p?*(x) ; ax, U,
where ¢;(x) € C(Q,EndC’) for all i € {0,...,n}. Using Equations (5) — (8), we have
(A=AD"' =TA)I+FQ)), [F)Il <Ms|a|"? (14)

for all A € S with |A| > Cs, as in (10). Thus (A — AI)~! exists and is continuous. To
prove (1), by the above definition of I'(1), we can now use

T < M|A]7,
and from (14) we conclude that
I(A=2AD)~"| < Ms|A| "
This completes the proof of Theorem 1. O

Proof of Theorem 2. 1t suffices to use the results of Vulis and Solomyak [9]. O
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Résumé substantiel en francais. Soient Q¢ C R"” un domaine borné de frontiere lisse
et S C Qo une variété fermée de dimension finie p € {1,...,n— 1}. Posons Q = Q\S
et considérons I’espace 7 = W}, (Q) = Wz%a(Q) X e X Wz%a(Q) des fonctions vec-
torielles u(x) = (u1(x), ..., us(x)) définies sur Q et de norme finie

. ) 1/2
| = (;{/pza(x) Cydx+/£}|u(x)|é;) .

Cet article étend des résultats obtenus en [5, 6]. De facon plus spécifique, on s’y
intéresse aux propriétés spectrales de 1’opérateur elliptique non auto-adjoint

() (w) == 3 31 5 {2 a0 3 0}

du
. (x)

défini sur I’espace de Hilbert H; = L>(Q)" associé a la forme bilinéaire

tlu) = [ (o () (0ao) 3 9.0 32 () .

ol 0 < o < p/n, p(x) =dist{x, S}, g(x) € C*(Q,EndC"), a;;(x) = aji(x) € C*(Q) pour
tousi,j € {1,...,n} etil existe M > O tel que pour tous x € Q et s € C",

n n
|s]? < MY Y aij(x)sis;.

i=1j=1

On suppose en outre que pour tout x € Q, la fonction matricielle g(x) a des valeurs
propres simples situées dans C\Q, ou Q = {z € C: |argz| < ¢}, ¢ € (0, 7). En d’autres
mots, t;(x) € C2(Q), wi(x) € C\Q et w;(x) # w;(x) pour tous i # j. Ceci fait en sorte
que I’oscillation des valeurs de leur argument ne dépasse jamais 7 /16.

Théoreme 1. Si S est tel que défini ci-haut et que A € S est de module suffisamment
grand, alors I'opérateur inverse (A — AI)™" existe et il est continu dans L*(Q)*. De
plus, il existe des nombres Mg > 0 et Cs > 0 dépendant de S tels que pour tout |A| > Cs,

I(a=AD~" | < Ms|A|~".

Notons A1, A;,... les valeurs propres de 1’opérateur A dans Q, énumérées en ordre
croissant de valeur absolue (en tenant compte de leur multiplicité algébrique). Soit
N(t) = card{j : |Aj| <t} pour tout > 0. D’apres le théoréme 1, I’opérateur A pos-
seéde un nombre fini de valeurs propres dans tout secteur fermé Q. Par conséquent,

lim argA; = 0.

J—oo

Théoréme 2. Dans les mémes conditions que ci-dessus et en supposant o < [L/n, on a

l
N(t) ~ (27) "yt ; /Q P ()2 (x) //det a(w)dx,

quandt — oo, ol v, représente le volume de la boule unité dans R" et a(x) = (a;j(x))} ;.
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