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ARITHMETICO-GEOMETRICO-HARMONIC
FUNCTIONAL MEAN IN CONVEX ANALYSIS

MUSTAPHA RAISSOULI AND HANANE BOUZIANE

RESUME. En interprétant la conjuguée de Legendre-Fenchel comme un inverse dans
un sens, nous étendons ici certaines notions d’opérateurs linéaires aux fonctions con-
vexes. Etant donné un opérateur défini positif A et 0 < p < 1, on donne I’analogue de
AP au cas fonctionnel et on déduit la définition de la moyenne géometrique de m fonc-
tions convexes. Ensuite, on construit la moyenne arithmético-géométrico-harmonique
au sens de 1’analyse convexe laquelle, dans le cas quadratique, nous fournit celle des
opérateurs positifs. On termine par une discussion concernant le lien de notre cas
p = 1/2 avec la moyenne géometrique convexe définie dans [4].

ABSTRACT. Interpreting the notion of Legendre-Fenchel conjugate as an inverse in
some sense, we introduce here some extensions of notions from linear operators to
convex functions. Let A be a positive definite operator and 0 < p < 1, we give an
extension of A” and so we define the geometric mean of m convex functions. Af-
terwards, we introduce the arithmetico-geometrico-harmonic functional mean from
which we deduce that of three positive definite operators. At the end, we discuss the
case p = 1/2 connected to a convex functional mean defined in [4].

1. Introduction. In the literature, an enormous amount of effort by some authors has
been devoted to understand the notions of the scalar means because of their many in-
teresting properties and applications [3, 7, 8, 20]. Let us describe some situations ex-
plaining the interest of these means. First, the arithmetico-geometric and geometrico-
harmonic means obtain their importance from the fact that they can be used to compute
elliptic integrals which are interesting in many scientific problems (see [12] and the ref-
erence cited therein). Secondly, the arithmetico-harmonic mean satisfies an “invariance
property” which is very useful in application, in particular it is good tool in solving
some functional equations [20]. The theory of operator means, extending that of the
scalar ones, was stated in a large literature [1, 2, 4, 9, 12, 13, 14, 15, 18, 22]. These
operator means arise in various contexts. As example, the geometric matrix mean ap-
pears as an illustration of an equivalent resistor for an electrical circuit with matrices
arguments, [4, 26].

In the recent years, the extension of the notions of the means from operators to
convex functions has undergone extensive developments [4, 10, 11, 25]. To explain the
interest of these functional means, it is sufficient to recall that, as pointed in [11, 24],
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the “Legendre-Fenchel conjugate” f* of a convex function f on a real Hilbert space H
defined by

Vx*eH, f*(x*)=sup{(x",x)—f(x):xeH} (1.1)
can be considered as that of “inverse” in some sense. That is to say, if f is a quadratical
function associated to a positive definite operator A:

VxeH, f(x):=falx)= %(Ax,x}

then (1.1) yields
1
VA EH, f1() = fu(x) = S (A7)
i.e. f* is so quadratic associated to A~!. Inspired by this latter idea, we can say that the
theory of functional means contains that of scalar and operator ones.
We now sketch our fundamental goal more precisely. Let A be a positive definite
operator and O < p < 1. Recall [17] that the better p-iterate of A is given by

. oo
AP = Sm(;’”)/ P IAGT +A) " dr, (1.2)
0
or equivalently to the “convex” form
in(pm) [+ P! 1 1 -
p — Sn(pm) / A I+——A) ar. (1.3)
T o 14t I+t I+t
Since A is invertible, (1.3) is equivalent to
in(pm) [t 1 t !
4p — Sin(pm) / I+——a") ar (1.4)
T o 14+t \1+¢ 1+4¢

Our first purpose is to describe an extension of A” to functional case. We suggest
that a reasonable analogue of the right side of (1.4) to convex function is

sin(p) /*“’ P! 1 t 0\
dt
r o T\ STl )

where 0 := 1| - ||?, and we take as definition of flP):

. oo _1 *
P) () sin(pr) /+ 1P 1 ro,
VxeH, fP(x) et ) wa A

By analogy with the operator case, f(?) will be called the convex better p-iterate of f.
When p = 1/n (n > 2 integer), A/ is the n-th positive operator root of A (i.e. the only
positive operator B such that B” = A) and analogously /% is called the convex n-th
root of f.

A second aim of this paper is devoted in answer to the following question: what
should be the analogue of a”b'~? (a,b positive real numbers and 0 < p < 1) when the
variables a and b are convex functions? Note that, an analogue of a”b'~” when a and b
are positive definite operators is discussed in [22]: let ¢ = (01,02,...,0,) € R™ be a
given probability vector (i.e. 0 < 0; < 1and Y1 | 0; = 1), the authors of [22] suggested
that a reasonable analogue of the product [T, a;” (a; > 0 real numbers) is

m m
[TAY =exp (Z o;Log Al-) , (1.6)

i=1 i=1
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where the variables A;, 1 <i < m, are positive definite operators. The extension of ex-
ponential from operator case to convex functional one is not done yet, that is where the
difficulty lies to extend (1.6). To solve the above question following another approach,
let us remark that a”b' 7 satisfies the identity

: oo pp—1 -
aPb' P — sin(p7) / ! ( Lot + 1171) dt, (1.7)
0

T 14+ \1+¢ 1+t

and we can suggest that a reasonable analogue of (1.7) to convex functions is

sin(p7) /+°° e 1\
VxeH, (G,(f, = dt. (1.8
x (Gp(f,8))(x) r b Trr\ige T8 ) Wdn (8
When f and g are quadratical functions corresponding respectively to the positive
definite operators A and B, we find, by a different method from that of [22], another
extension of a”b' P to positive definite operators, that is

. .
G,,(A,B):Sm(npm/ 1A~ B ar, (1.9)
0
or equivalently
. -
Gp(A,B) = Sm(xp“)/ P~ VA(A+1B) "B dt, (1.10)
0

whose the explicit form is given by
G,(A,B) =B*(B *AB *)"B?. (1.11)

This approach allowed us to describe an extension of {/aja; - -a,, (the geometric
mean of m positive real numbers aj,ay, ..., a,) to convex functions. Indeed, remarking
that we can write

(alaz .. .am)l/m — Cl}/m ((02613 .. ‘am)l/(m71)>

i.e. by the above notation

1-1/m

)

(@r1az-+-am)'"™ = Gy (ar, (a2az -+~ aw) "/ ")

we put for all integer m > 2 and f;, 1 <i < m, convex functions

“%(f) =1,
Gn(f1, 1253 ) = Gy (1,912, 35+, )

which defines the geometric mean of three or more convex functions.

This paper will be organized as follows. Section 2 contains some classical convex
analysis results which will be needed throughout the paper. In section 3, after giving and
studying the extension of A” from operators to convex functions, we present a second
order approximation of (6 + A f)(?) when A goes to 07 and we establish the differentia-
bility of the map s — (so + f) (P), Section 4 is devoted to the extension of a”?b' 7 from
positive real numbers to convex functions, in particular an analogue of Young’s inequal-
ity, a?b' =P < pa+ (1 — p)b, for functional case is obtained. In section 5, we introduce
the arithmetic, geometric and harmonic mean of m convex functions (m > 2 integer)
and we deduce a relationship between these three means extending that of positive
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real numbers. Section 6 of our paper is focused to define the arithmetico-geometrico-
harmonic mean of three convex functions from which we deduce that of three positive
definite operators. The final section displays the connection between our particular case
p =1/2 and a convex functional mean introduced in [4].

2. Background material and preliminary results. In this section, we recall some
basic facts about convex analysis which are needed throughout the paper. We denote
by H a real Hilbert space equipped with a scalar product (-,-) and its associated norm
||| Let F (H,R) be the space of maps defined from H into R = RU {—e0,+c0}. We

can define on F (H ,@) a partial ordering relation given by
Vf,gGH’(H,@), f<g <= VxeH, f(x)<g),
where we extend the structure of R on R = RU{—co, +o0} by setting
Vx€R, —oo<x< oo, x4 (doo)=+oo.
Consider a function f : H — R, whose epigraph
epi(f) ={(x,A) e HXR: f(x) <A}

is convex. The cone of such functions not identically equal to +ee is usually denoted by
Conv(H). Recall that the Legendre-Fenchel conjugate of f € F (H ,R) is the function
f* € Conv(H) defined by [6, 27]:

Vx*eH, f*(x*)=sup{(x",x)—f(x):x€H}.
It is well known that f** := (f*)* < fand f < g = g* < f*.

Remark 2.1. When H is a complex Hilbert space, the Legendre-Fenchel conjugate can
be replaced by the extended one (see [25]):

Vx*€H, f*(x")=sup{Re({(x",x))—f(x):x€H}.

In what follows, we restrict ourselves to the case of real Hilbert space since analogous
results for the complex ones can be stated in a similar manner.

Lemma 2.1[16]. Forall f,g € F(H,R) and 0 < o < 1, there holds
(af +(1-a)g) <af +(1-a)g".
A convex-integral version of Lemma 2.1 is given in the following.

Lemma 2.2. Leta,b € R (a<b), F :|a,b[x H— R and y : a,b] — [0, 4o such that
fab y(t)dt = 1. If we put

VxeH, &x)= /‘b y(t)F (t,x)dt
a
then the conjugate functional ®* : H — R of ® satisfies that
Vit eH, @(x)< / (O F (1.3t
where '

F*(t,x") =sup{(x*,x) —F(t,x)} .
xeH
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Proof. Let x* € H, we have successively

() — sup{(x*,x>—/:l//(t)F(t,x)dt}

xeH

_ sup{/ab () ((x*,x) — F(1,%)) dt}

xeH

IN

b
[ vt sup {(xx) Flo.0) b,
a xeH
and the lemma is proved. O
For a function f : H — R = RU {+oo}, dom(f) denotes its effective domain given

by
dom(f)={x€H: f(x) <-+oo}.

The set of all lower semi-continuous convex functions defined from H into R U {4}
not identically equal to 4o is denoted by I'c(H). It is well-known that if f € Conv(H)
then f* € I'.(H), and, f € I'.(H) if and only if f** = f.

We say that p is a subgradient of f: H — Ratx € dom(f) if for all y € H one has
f(y) > f(x)+ (y—x,p). The subdifferential of f at x is the (possibly empty) subset of
H defined by

df(x)={peH:NVyeH, f(y) > f(x)+(y—x,p) }.

If we denote by int(dom(f)) the topological interior of dom(f), we recall that if f €
[',(H) and int(dom(f)) is nonempty then, for all x € int(dom(f)), f is continuous at x
and d f(x) # 0.

Lemma 2.3. Let f1, fa,...,fm €ETo(H) and (a1,00,...,0,) € R" suchthat 0 < a; < 1
and YI', o = 1. The following equivalence holds

dom (i (Xiﬁ) = dom <i aifl-*> < V(i ), dom(f;) =dom(f;). (2.1
i=1 i=1

Proof. The case m =2 and (o, ) = (1/2,1/2) is proved in [10]. The result works
for the general case by the analogous arguments as in [10]. O

Let 0 = || -||* € [.(H) be the only self-conjugate function. We recall [6] that for
allreal A > 0 and f € I',(H), the function x — (A0 + f)*(x) defined from H into R is
Fréchet-differentiable.

Theorem 2.1 [5, 21, 23]. Forall f € To(H) and A > 0, one has
AAo+f )" +(c+Af) =o0. (2.2)

Taking A = a/b, an elementary verification yields that Theorem 2.1 is equivalent
to the general form:

Vfel.(H), Ya,b>0, a(ac+bf) +bbo+af) =0, (2.3)
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from which we deduce the “convex’ one

1 1 t oot t 1 !
* = 2.4
1+t<1+t6+1—|—tf> Jr1+t(1+t6+1+tf> o @4
forall f € I'o(H) and ¢ > 0.

We mention that the assumption “H is a Hilbert space” is not a necessary hypothesis
throughout the paper but only to simplify the presentation for the reader. To explain this
situation more precisely, let (E, || - ||) be a (reflexive or not) Banach space and (E*, || - ||..)
its topological dual. If we denote by (-,-)g g+ the bracket (symmetric) duality between
E and E*, it is known that the Legendre-Fenchel conjugate f — f* is well defined
(even in a locally convex vector space). With this, if 0 = 1|| - ||* then 0* = 1| - |2 and
hence, all the basic definitions above, together with Lemmas 2.1, 2.2, 2.3, are still true
in the Banach space case. However, a version of Theorem 2.1 for the general case is not
obvious, since the two functions (Ac* + f*)* and (o + A f)* are respectively defined
in the different spaces £ and E*. We are unable to extend this result for a no-Hilbert
space. For more information, we refer the reader to [10] where a similar extension is
written in a Banach space.

We end this section by stating some basic notions and results about quadratical
functional case that are needed later. Let .2 (H) be the Banach space of continuous
linear operators defined from H into H equipped with the norm

A
VA€ Z(H), ||A||:sup” all
x#0 HXH

= sup { [JAx|| : [lx]| <1}

Let (A,) be a sequence of operators defined from H into H. We say that (4,) converges
to A in the operator norm (or uniformly ) if ||A, —A|| tends to O when » tends to infinity.
We say that (A,) converges to A, in the strong operator topology (or strongly), if (A,x),
converges (in H) to Ax for all x € H.

Recall that A is positive (resp. positive definite) if A is symmetric and (Ax,x) > 0
for each x € H (resp. there exists ¥ > 0 such that (Ax,x) > 7||x||* for every x € H).
We write A < B if and only if A and B are symmetric and B — A is positive. If we take
fa(x) = 3(Ax,x) for all x € H, where A is a positive definite operator, then f; = f;-1
and so

(OtO' + (1 - a)fA)* = f;IHlfa)A = f(oz1+(lfoc)A)_1 ’ (2.5)

for all positive operator A and & €]0, 1].
The subdifferential of f4 is given by d f4(x) = {Ax}, forall x € H.

3. Convex n-th functional root. As already pointed, this section will be devoted to
extend the better p-iterate operator to convex functions. We keep the same notations as
above.

3.1. Definitions and first properties. Let f € Conv(H) be a given function. For a

fixed x € H, the map
1 t *
t —0+—f
(ot r) @

is differentiable on |0, 1] (see [23]) and hence continuous on |0, 1[. We can then intro-
duce the following definition.
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Definition 3.1. Let f € Conv(H), 0 < p < 1, and define

i teo Pl /] t :
" P4y sm(pﬂf)/ . ' 1
VxeH, fY¥(x) ) A 1+t0+1+tf (x) dt (3.1

The functional £(?) is called the convex better p-iterate of f. When p = 1/n with n > 2
an integer, f (1/n) is said to be the convex n-th root of f.

By a change of variable ¢ = (tans)?, it is easy to verify that

T

VxeH, fP(x)= % sin(pr) /0 ? (tang)2P~! ((cos?t)o + (sin®1) f*) " (x) dr. (3.2)

Remark 3.1. From relation (3.1) we see immediately that f(?) € Conv(H). The condi-
tion f € Conv(H) is not necessary to define f(7) but only for reason of simplicity. For
the same reason, we omit the x in (3.1) and in similar other relations.

Proposition 3.1. The following properties hold:
1. Forall f € Conv(H) and o € R, (f+o)P) = fP) 4+ por.

2. Forall a > 0, (acr)(p) =aPo, in particular o) = ¢.

Proof. 1. We can write

. oo —1 *
» sin(pm) /+ tP 1 t 2\ 4
(f+a) T o I+t 14—t6Jr 1+t(f+a) !

sin(pm) /+°° P! 1 o, t *
= — o) dt
r b 1 \1+:° T T

sin(pr) /+°° P! 1 t\ tP
= (o ——aaldt
T 0 1+7 \1+¢ +1+zf +(1+t)2

i oo 4P
) sm(pﬂ)a/ L
PO =% Gxp?
A simple calculation, with relation (1.2), yields
sin(pm) /*"" tP sin(pm) /+°° P!
dt = dt = 33
T Jo (1+41)? P72 )y 1+1 P, 3-3)

and the desired result is obtained.

2. For a > 0, we have

. o -1 *
» _ sin(pm) /+ tP 1 t .
(ao) el A 1th0'4—1+t(c10') dt

. too 4p—1 1 *
_ Sm(p”)/ ! ot+— o) ar
T o 14+t \1+¢ a(l+t)

_ sin(pm) /+°° P! a(l—H‘)Gdt: sin(pm) /+°°at”_1dt -
T o 14t a+t T 0o a-t




86 Arithmetico-geometrico-harmonic functional mean in convex analysis

and by (1.2) we obtain

i +oo qP p-1
(aO')(”) _ sm(;nr) / al(t/a) 1 d— o
0

(1+(t/a)) a

The proof is complete. g
Theorem 3.1. With respect to the pointwise ordering on F (H ,R), the map f— P is:
1. Increasing on Conv(H): for all f,g € Conv(H) such that f > g, ) > g(P),

2. Concave onT'o(H): forall f,g € T'o(H) and a €10,1[, one has
(af + (1= @)g)” = af? + (1 - a)g).
Proof. 1. Let f,g € Conv(H) such that f > g. Clearly,

1 ¢ 1 ¢
e el et

and
16+tf**>16+t**
140 " 1+1 =\ 158
from which the desired result follows.

2. Let f,g €T'-(H) and o € |0, 1[. By definition, we have

. too op—1 1 *
(@ +(1-a)g =00 [T (os Lar1- ) ar

According to relation (2.4), we can write

*

1 1 t
1_ *

1—|—t<1+t6+1+t(af+( O‘>g)>
=0 ! ! o+ ! (af+(1—a)g) '
o 1+7\1+¢ 1+1¢ &)

But
' ot (af+(1-a)g)
1+:° T 14s &

so, by Lemma 2.1, we have

<1t+t6+11+t(af+(1—oc)g)>
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It follows that

(o @t a-a)

G_
1+t \1+¢ +l+t
t 1

87

>0 o o+ f*(loc)t G+1 *
= ETACETAN Y ETACETAN TR

>a<lo ! ! o+ : f *
- 14+t \1+¢ 141

+(1-a)so ! ! c+ ! *
1+ \1+:° " 14:8) [~

Due to relation (2.4) again, we obtain

1 1 o ¢ (af +(1—-a)g)’ *
1+t \1+4+1¢ 1+1¢ g

. =l L : L(—a) = o
- 14+t \14¢ 141t 14+t \14¢

which yields
(af+(1- a)g)(p) >afP4+(1—a)gh.
The proof is complete.

t N\
1+tg

g

Open problem. Is the map [ — f (") concave on Conv(H)? The previous proof uses
Theorem 2.1 which holds for f € T's(H). We do not know if Theorem 2.1 is still true for

f € Conv(H).
Proposition 3.2. For all f € Conv(H), there holds
(1=p)o+pf) <fP<(1-p)o+pf.

Proof. First, we show that f(P) < (1 — p)o + pf. From the relation

. i —1 *
o Som) [ (Y

o
T 14+t \ 141 1+1¢

we derive, with Lemma 2.1, that

; +oo £p—1 i oo P
(p)<sm(p7r)/ t gt sm(p7r)/ t
P ) x0T ) O+
Using (1.2), (3.3) and the equality

N tP
(1462 14+t (141)2

we deduce the desired result.

(3.4)

fdt.

We now show that ((1 — p)o + pf*)* < f). By virtue of Lemma 2.2, we have

Py < sm(pﬂf)/ t N\ g
(F7) = T o 141t 1+t6+1+tf

= sm(;im) </O+°<’ (1t:tl)2d’> o+ Sin(;rm[) </0+°° (1 +t)2dt> I
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Similarly to the previous inequality,

(fP) < (1-p)o+pf*
and so
(1=p)o+pf)" < (fP)= <.
This completes the proof. O

Corollary 3.1. Let f € Conv(H), then one has
fP=c—=f=0

and
) > 6« f> 0o (resp. f(p)§6<:>f§6)-

Proof. Follows immediately from Proposition 3.2. O

Remark 3.2. Relation (3.4) implies that dom(f) C dom (£")), so dom (f?)) = H if
dom(f) = H. It follows that the integrals of (3.1) and (3.2) converge, to a finite real
number, for all x € dom(f).

Now, we present an example explaining that the functional f() defined above is an
extension of the operator case.

Example 3.1. Let A be a positive definite operator from H into H and define the func-
tion f(x) = 1(Ax,x) for all x € H. Using (2.5), a simple calculation gives

VxeH, fP(x)= %(A”x,x>

where A is defined by (1.2). In particular, if # =R and f(x) = 1ax? (a > 0), we obtain
P (x) = LaPx?.
Saying it another way, if we denote by fi the quadratical function associated to
a positive definite operator A we have pr = far. Hence the above functional theory
contains that of operators.
Given two positive definite operators A and B, Theorem 3.1 and Proposition 3.2
imply that :
i) If A > B then A? > BP.
ii) Forall @ €]0,1[, (¢A+ (1 —t)B)? > 0tA” + (1 — a)BP.
iii) A((1—p)A+pl)~' <AP < (1—p)I+pA.

3.2. Second order functional limited developments of (¢ + A f)(?). We begin this
subsection by recalling the following two lemmas which will be used in the sequel.

Lemma 3.1 [23]. Let f € I',(H) such that int(dom(f)) is nonempty and A > 0 suffi-
ciently small. Then the following estimation

(0 +A1)"(x) = 0(x) = Af(x) + A0 (pr(x)) + A6, (/) (x)

holds for all x € int(dom(f)) where limy_o+ 65 (f) = 0 in the pointwise convergence,
and py(x) = Pys(y)(0) is the unique projection point from 0 to the nonempty closed
convex set d f(x).
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Lemma 3.2 [24]. Forafixed f € I'o(H) such that int(dom(f)) # @ and x € int(dom(f)),
let us put

f(x) = (Ato+ f7)" (x)
At '

Then (;)s converges uniformly, with respect to t, to 6 (py) when A tends to 0" :

Vx € int(dom(f)), Alir&t:]%p] [ 62.(1) (x) — o (py(x))| =0.

VYA >0,Vrel0,1], ¢,()(x) =

By using the above lemmas, we wish to establish the next theorems.

Theorem 3.2. Let f € I'c(H) such that int(dom(f)) is nonempty and A > 0 sufficiently
small. The second order functional limited development

(0 + ANV = o)+ paf()+ 2226, (0) +220, (1))

holds for every x € int(dom(f)), where limy _ o+ 6, (f) = 0 for the pointwise conver-
gence, and py(x) = Pyf(,)(0) is the unique projection point from O to the nonempty
closed convex set d f(x).

Proof. To simplify the writing, we omit the x € int(dom(f)). Using the definition of
£(?) given by (3.2) one has

4

(G+Af)P) = %sin(pn) /7(tam)zl’*1 ((cos*t)o + (sin®t) (G +Af)*) dt.
0
Relation (2.3) gives
(cos?t) ((cos?t)o + (sin®r) f*)" + (sin’t) ((sin®1)0 + (cos*t) f) = o (3.5)
hence

((cos’t)o + (sin’t) (0 + A f)") =

— (tan?t) ((sin?t)6 + (cos’r) (o +Af))"

_ th — (tan’?) (0 + (cos?t)Af)"
cos
and therefore

1

(64+Af)P) = %sin(pﬂ:) /O * (tant)2P~! [

a2 2 *
pverld (tan*1) (0 + (cos*t)A f) | dt .

By Lemma 3.1, we have

(6 + (cos’)Af) =0 — (cos*t)Af + (cos*1)A20 (py) + (cos*1)A204 (f),  (3.6)
with 6 (f) — 0 when A — 0. It follows that

1

o2 ® (tanr) (o+ (coszt)}»fyk
= Colsztﬁ — (tan’1)(0 — (cos’ 1) A f + (cos* 1) A*G (py) + (cos* 1) A6 (f))

= (o + (sin?1)A f — (sin*tcos’t) A% (py) — (sin*t cos?t) 126} (f)
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which yields

(c+Af)P) = %sin(pn) (/Og(tant)zl’_]dt> c

b/

+ % sin(pr) </02(tant)2”_] (sinzt)dt> Af

— %sin(pn) </2(tant)2”l(sinztcoszt)dt> 2*o(py)
0

— % sin(pm) (/Oz(tant)zl’l(sinztcoszt)ei (f)dt) A?

Using the change of variable s = (tant)2 and (1.2), (3.3), we can verify that

2 E
Esin(pﬂ)/2 (tant)?P~ldr =1 (3.7)
0
) z
= sin(pﬂ)/2 (tant)*~!(sin?t)dt = p (3.8)
0

T

2 2 1—
;sin(pn’)/Q(tant)zl’*l(sinztcoszt)dt = P( 5 P) :
0

Then we deduce that

(04" =0t paf+ P2V 2260 4 226,(p)
where

4

> z
03(f) = = sin(pm) / * (tant)?~ (sinr cos?1) 6, (f)dr (3.9)
0
Formula (3.6) and Theorem 2.1 give

— ((cos?1)2 )"
R

and therefore, by Lemma 3.2, 6 (f) — 0, uniformly in r € ]0,7/2[, as A — 0". This
fact, combined with (3.9), yields limy _y+ 6; (f) = 0 for the pointwise convergence.
The proof is complete. O

Theorem 3.3. With the same hypothesis as in Theorem 3.2, we have the functional
limited development

(0441 ) = o) — ph ) + LD

A2a(pr(x) +A%6,(f)(x)
for all x € int(dom(f)), where limy_o+ 6, (f) = 0 in the pointwise convergence, and
pr(x) = Py(x)(0) is the unique projection point from 0 to the nonempty closed convex

af(x).
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Proof. According to (3.2), we have

T

(G+Af) P = isin(pn’)/oz(tant)z"1((coszt)6+(sinzt)((o—i-?tf)*)*)*dt

n

_ %sin(prc) /O  (tant)?P ! ((cos )0 + (sin1) (0 + Af)) dr

T

_ %sin(pn’) / * (tant)> 1 ((cos?t + sin1)o + (sin)Af) " dr
0

Y

2 2 *
= Zsin(pm) / *(tant)~" (o + (sin*t)Af) " dr.
0
Thanks to Lemma 3.1, we find
(o + (sin?1)Af)" =0 — (sin®t)Af + (sin*1)A20 (py) + (sin*1) 1264 (f)
where 6 (f) — 0 when A goes to 0. It follows that

(04200 = Zsintpm) ([ anor Va) o
= Zuintpm) ([ anee sinoyar) 21
+ % sin(p) </02 (tan?)*~! (sin’ ¢ W) #o(py)

b/

+ % sin(pm) (/Oz(tant)zf’_1 (sin*7)6} (f)dt) A%

For the third integral, we have

2 Ea
Esin(pﬂ)/z(tant)zf’*l(sinétt)dt
0

2 =
= sin(pir)/2 (tant)*P~!(sin? ¢ — sin*# cos? 7)dt
0

_pl—p) plp+1)

2 2
which, combined with (3.7) and (3.8), gives
1
(G+Af)P) =6 pAf+ p(p; )32 (py) +226(1)
where
0, (f) = %sin(pﬂ) / * (tant)2~ (sin*1) 0% (/)di
0
and

— ((sin®£)A )"
o)~ LRt )

Now, applying Lemma 3.2, we get lim; _,+ 6, (f) = 0 as in the previous proof.

—o(py)-
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Example 3.2. 1. Let H = R and consider
1 5
flx)= S (a>0)

Theorems 3.2 and 3.3, along with Example 3.1, give the classical results

(I1+Aa)’ =14 pra+ p(pz_l)lzaz +220;,(a)

(p+1)
2

(1+Aa)? =1—pra+? A2 + 226, (a)

with 0; (a) — 0as A — 0F.

2. More generally, let H be a Hilbert space and f be the function

£ = 5 (A6x)

where A is a positive linear operator from H into H. In this case, after a simple compu-
tation, Theorems 3.2 and 3.3, with Example 3.1, yield

(I+AAYP =1+ prA+ p(pz_l))LZAZ +2126,(A)

1
(I+AA)P =1—prA+ p(p;)ﬂAz +21%6,(A)
where 6, (A) — 0, in the strong operator convergence, when A — 0.
These examples justify again that the functional f(P) defined above is a reasonable
analogue of A? for convex functions.

3.3. Differentiability of s — (s + f)(?). In this subsection, we study the differentia-
bility of the maps s — (s + f)(P) and s — (so + f)*(?) computing explicitely their
gradients.

Proposition 3.3. Let f € I's(H) be a given function such that int(dom(f)) # 0. For a
fixed x € int(dom(f)), the application s — (sc + f))(x) from R*. :=]0,+oo[ into R
is differentiable and

< (504 1) )

T

= %sin(pn) /07 (tant)*P*!(sin’r)o (V ((sin?t)0 + (cos’t)(so +f))*) (x)dt

forall s e RY,.

Proof. Forall s € RY and A — 0", we can write

7[

(A+s)o+ )P = isin(pn)/oz(tant)zp“ ((cos®t)o + (sin1) (A +s5)o+ f)*) " dt

and according to (3.5), we have
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((cos’t)o +(sin? 1) (A +s)o + f))"

— ﬁc— (tanzt) ((Sln2[)6+ (COSzt)((;L+s)G+f))*
— o0~ () ((cos? o + (s’ + (cos’n)s)o + (cos’n)f)’

Define f := (sin’¢ + (cos?t)s)o + (cos’t) f. We observe that f € T',(H) and dom(f) =
dom(f). By Theorem 2.1 and Lemma 3.1, we obtain

((cos?t)o + (sin*t) (A +s)o+ f)*)"

= o (tan?n) (* — (co)Ac(pr.) — (cos)ABL(f))

 cos?t
1 2 L2 2 *
=2 ° (tan’r) ((sin*t)o + (cos’1)(so + f))

+ (sin®t)Ac(ps.) + (sin*1)A 65 (f)

= ((cos*t)o + (sin’t) (s + f)*)" + (sint)Ac(py.) + (sin®1)A6j (f)
It follows that

7[

(A+5)0+1)P = (sa+f)P) +)L% sin(pr) /7(tant)zl’“(sinzt)c(pf*)dt—klel (f)
0
with
pp =V ((sin®t + (cos?t)s)o + (coszt)f)*
0,(f) = %sin( ﬂ)/g(tant)Qp“ (sin’1)0: (f)dt
A - p ) 2
and where, by Lemma 3.1 and (2.3),
= ((cos?’t)Ao + f)°

et — - Fx ) o
},(f) (COSZI‘)A. G(pf)
Consequently, we have
A () _ V) 7
( “)‘””1 (so+ /)7 _ Esin(pﬂ:)/2 (tan )2 (sin1) 6 (p . )dt + 6, (f)
0
By Lemma 3.2 and similarly to the proof of Theorem 3.2, limy o+ 6, (f) = 0 and this
gives the desired result. O

Proposition 3.4. Let f € I'.(H) be a given function such that int(dom(f)) # 0. For a

fixed x € int(dom(f)), the application s — (so + f)*) (x) from RY, into R is differen-
tiable with gradient

d “(p)
50+ /)P
2 b4

- sin(pm) /0j (tant)?P*!(sin’r) o (V ((COSzt)G + (sin’t)(so +f))*> (x)dt
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forall s € RY.

Proof. Forall s € R% and A — 0T, we can write
(u+go+ﬂ“m:ingw/%mmw’W@m%m+@m%xu+gc+ﬁfm
0

= isin(pﬂ)/oz(tant)2”l ((sin*r)Ao + (cos’t)o + (sin’t)(so + f)) " dt

Define f := (cos?t)o + (sin’t)(so + f). We observe that f € I',(H) and dom(f) =
dom(f). By Theorem 2.1 and Lemma 3.1, we get
((sin*t) Ao + (cos’t)o + (sin’1) (so + )"

= ((cos’*t)o + (sinzt)(sc—i—f))* -2 ((sinzt)c(pf*) — (sin*t) N/’l(f))

which yields
(A+s)o+f)"
“p) 22 H 21/ 2
= (so+f)*" —lEsm(pn) (tant)“P~ (sin“t)o (p . )dt + A6, (f)
0 A
with
pp=V ((cos®t)o + (sinzt)(s6+f))*
(/) =~ sin(pm) [ (cant)? ! (sin’ )8 ()
0
and
< = (in*t)Ac+f)"
0, (f) = —o(pp).
() . (r7)
Lemma 3.2 implies that limy o+ 6, (f) = 0 which yields the desired result. (|

Example 3.3. Let A : H — H be a positive operator and define

flx)= %(Ax,x>, xeH.

Propositions 3.3 and 3.4 yield the classical results:

Vs eRY, j (s +A)P = p(sI +A)P~!

N

d
VseRY, g(sl—i—A)_p =—p(sI+A)""!

and again the above functional theory contains that of operators.

4. Convex (p,1— p) functional mean. In this paragraph, we shall give an extension
of a’b'~? (0 < p < 1 and a,b two positive real numbers) to convex functions from
which we deduce that of positive definite operators. The connection between the oper-
ator mean deduced here and one introduced in [22] will be discussed.
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Definition 4.1. Let f,g € Conv(H), 0 < p < 1, and define

sin(prm) /+°° AV AN T A
= dt. 4.1
Gp(f:8) x Jo Tri\ir T8 .1

G,(f,g) is called the (p, 1 — p) functional mean of f and g.

Putting s = (tan?)?, it is easy to verify that

T

G,(f,8) = %sin(pﬂ?) /0 *(tant)? ! ((sin0) f* + (cos>1)g") " dt . (4.2)

From the definition of G,(f,g), we deduce immediately that G,(f,g) € Conv(H) for
all f,g € Conv(H). The following proposition summarizes the elementary properties

Of Gp(fvg)

Proposition 4.1. For all f,g € Conv(H), the following statements hold:
1. Gp(f.8) = Gi-p(8.1). Gp(f,0) = f), G,(f,0) = —pf*(0).
2. Foralla,b eR, G,((f+a),(g+b)) =G,(f,8)+pa+(1—p)b.

3. Foralla,b € R,

Gplaf,bg) = Vab G, (ﬁf, \/§g> ,

in particular G,(af,ag) = a G,(f,g).
4. For all 1, f>,81,82 € Conv(H),

fi> frand g1 > g2 = Gp(fi1,81) > Gp(f2,82)-

Proof. 1. These follow immediately from the definition of G, (f,g).

2. By definition, relation (4.1) gives

_ sin(pm) /+°° P! t . 1 AN
Gy(f+a,g+b)= el A 1+t(f+a)+71+t(g+b) dt

=) [T (e )

/4 t+1\1+¢ 1+t

sin(pm) /+°" P! ro. L\ t 1
— —+b—— | dt
r o o\t T1f ) et

sin(pm) /+°° at? sin(p) /+°° btP~!
=G dt dt
plf8)+ m Jo (1+1) L o (1+1)?

and by virtue of (3.7), (3.8), we obtain G,(f +a,g+b) = G,(f,g) + pa+ (1 —p)b.
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3. We have successively

sin oo =1 *
Gylafbg) = S2L%) [0 ( j (af)*+1(bg)*> i

T t+1 \1+¢ 1+1
sin(pr) /*‘” P! (\/» toNa ., .
— h—— (Y=
n Jo t+1 a1+t(\/[;f)(\/ab)
/SN
b——(—=g)" dt
Vb () ()
sin(lmr)/“"ﬂ"1 t Na., 1 b '
= £/ b — (= - (—— d
= s R Wity < Rl ety A B
a b
=Vab — -g .
Vab G, <\/;f\/;g>
4. Analogous to the proof of Theorem 3.1, 1. 0

Theorem 4.1. For all f,g € Conv(H), the following relationship holds:
(pf*+(1=p)g")" <G,(f.8) <pf+(1-pg. (4.3)
Proof. Similar to the proof of Proposition 3.2 by using Lemma 2.2. U

Example 4.1. Let f(x) = 1(Ax,x) and g(x) = 3 (Bx,x) where A and B are two positive
definite linear operators defined from H into H. It is easy to verify that

VxeH, Gp(f.g)x) = ~{(Gy(A,B)xx)

2
where
. - )
G,,(A,B)zsm(;n)/ P 1 (tA”' +B71) L ar

0

. e

:S‘m(np”)/ tP~1A (A+1B) "' Bdr. (4.4)

0

Proposition 4.2. The explicit form of G,(A,B) is given by the formula

1

G,(A,B) =B*(B *AB *)PB?. (4.5)
G,(A,B) is called the (p,1 — p) operator mean of A and B.
Proof. Relation (4.4) can be written as

- sin(p)

Gy(A.B) = =1

e ] oo\
/ 7B (141834782 ) Bhan,
0

and by (1.2) we obtain the desired result. Il
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Remark 4.1. G,(A,B) is an extension of aPb'~? from positive real numbers to positive
definite operators: (4.3) is an analogue of Young’s inequality, a’b'~? < pa+ (1 — p)b,
for convex functions. For positive definite operators, we obtain:

A((1—p)A+pB) 'B<G,(A,B) < pA+(1-p)B.

The operator mean G, (A, B) is generally different from exp(pLogA+ (1 —p)LogB),
introduced in [22]. In fact, for p = 1/2, G, (A, B) coincides with B> (B~7AB™3)3 B2
and it is already established

1

B2(B 1AB1)1B? # exp (3LogA+ 4 LogB)

(see [22]). For p # 1/2, the same result works by the analogous arguments as in [22].

In addition, the explicit expression (4.5) is not practical to compute G, (A, B) even
in the case p=1/n (n > 2 integer) and A, B are two positive definite matrices. For
n =2, an expansion of G, »(A,B) from a convergent process of continued fraction de-
velopment with matrices arguments can be found in [26]. For the general case, G,(A, B)
can be characterized by the following result.

Theorem 4.2. Let A and B be two positive definite operators and define the algorithm
Zisn = (1—p)Zc+pAZZ'B)r ', k>0
Then the sequence (Z)y converges, in the operator norm, to G,(A,B).

Proof. Let a > 0 be a real number and consider the sequence

{X() = pa+(17p)a .
1 = (I=phg+paly)' ™7, k>0

Using the concavity of x — Logx (x > 0), it is not hard to prove that the real sequence
(xx ) converges to a”. We deduce that the following algorithm

1
Xip1 = (1—-p)Xi+pAX)' ™7, k>0,

converges, in the operator norm, to A?. It follows that the iterative scheme

Yo = pBAB:+(1-p)l,
Yier = (1-p)YitpBiAB 3 (X)' ™7, k>0

converges uniformly to (B*%AB*% )P. Letting Z; = B%YkB% and using a simple manip-
ulation, we deduce the desired result. O

Theorem 4.2 gives a practical algorithm for computation of G, /,(A,B) (n > 2 inte-
ger) when A and B are two given positive definite matrices.
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5. Geometric mean of m convex functions. Let fi, f>,..., f,, be m convex functions
(m > 2 integer). The arithmetic and harmonic functional means of f1, f>,..., fi, €X-
tending that of numbers and operators, can be respectively defined by

L |
ﬂm(fbf%"':fm):z%fia (51)
i=1
Hon(f1: fareeos fon) = (Z 1f,> (5.2)
i=1

In the particular case m = 2, these means have been introduced and used in [4, 10, 25].
Our purpose in this section is to define the geometric mean of m convex functions in

order to extend that of positive numbers and operators. The key idea for this extension

comes from the fact that the previous means .27, and .7, can be written as follows

1 & 1
Mm(flaf%--'afm) - 7f1 727](‘! - 7f1 +(1 - %)dmfl(fZ)f:%"‘ufm)v

lZm

ot = (i (0= ) ot fresfa)))

Moreover, for the scalar case, the geometric mean of m positive real numbers ay, ..., ay
satisfies an analogous relation as .7, and 7%, that is

m

1/m m —1/m
Gulay,az, ... any) = (Hai) —a}/ (%m,l(az,a%...,am))l l/m
i=1

With this, given f; € Conv(H), 1 <i<m, we put G(f1) = f1 and we define by
induction

gm(flaf%"wfm) = Gl/m(flagm—l(f%f%"-7fm))a (53)
where G /,, is defined by Definition 4.1 with p = 1/m.

Definition 5.1. For every f1, f2,..., fm € Conv(H), %, (f1, f2,. .., fm) is called the geo-

metric functional mean of fi, fo,..., fim.

For m = 2, it is clear to see that % (f1, f2) = Gl/z(fl ,f2), i.e. the geometric func-
tional mean of f; and f5, in the sense of Definition 5.1, coincides with their (1/2,1/2)
functional mean in the sense of Definition 4.1. Further, by an induction on m € N the
properties of &, can be deduced from that of G /,,. In particular, we state the following
proposition whose the proof is omitted.

Proposition 5.1. For all fi, f»,..., fm € Conv(H), there holds

%(fl?fZV"afm) S gm(flafZa"'vﬁn) é dm(flaf27-~-afm)a (54)
where o, and 7€, are respectively given by (5.1) and (5.2).

Now, we study the case when f;, 1 < i < m, are quadratical functions. Let A;,
1 <i < m, be m positive definite operators defined from H into H and set

VxeH, fi(x)= %(A,-x,x).
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In this case, it is easy to establish that

vxEHJ (gm(fhva 7fm ) <( A17A27 '7Am))-x7-x>7
with ¢ (A) = A for all (positive) operator A and
g%n(AluAZa e 7Am) = Gl/m(Ah%n—l(AZyA?n e 7Am))7 (55)

where G| /,, is defined by (4.4) or (4.5), with p = 1/m.
The analogue of (5.4) for operator is
%(A17A27 s 7Am) < g%11(14171427 s 7Am) < '!Z{m(Al)A27 s 7Am)7 (56)

where the two extreme members

Hp(Ar,A " L)
( 1,42, a ( ;1 % )
and
|
bQ{m(AlvAZV' ) Zi
i=1 m
are respectively the harmonic and arithmetic means of A(,A»,...,A,,. From (5.6), it is

obvious that ¢,,(A1,A,,...,A,) is a positive definite operator.

Definition 5.2. Let A;,A»,...,A,, be m positive definite operators; ¥,,(A1,Az2,...,An)
is called the geometric operator mean of A1,A;, ..., Ay.

As seen in the previous section, our geometric operator mean 4, (A1, Az, ...,A,) is
generally different from the operator

)
exp| — ) LogA;
miz

introduced in [22]. Indeed, for m = 2,
1 1

1,1 _INA L
D(A1,A2) = G a(A1,A2) = A3 (Az A1A, 2) 2A22

which, as pointed out in [22], is different from exp ( LogA;+ 5 LogAz)

In addition, by an induction on m > 2 in (5.5), the algorithm of Theorem 4.1 can be
used to compute ¥4,,(A,Az,...,A,) when Aj,A,, ... A, are m given positive definite
matrices.

6. Arithmetico-geometrico-harmonic functional mean. Let a, b, ¢ be three positive
real numbers and define the following sequences

1
a = a dp+1 = g(an+bn+cn)
by = b et b1 = \/3 anbpcy, (n > O)
co = ¢ 3 _ i + i i i
Cn+1 a, b, ¢y

It is well known [19] that the real sequences (a,), (b,) and (c,) converge to a same
limit called the arithmetico-geometrico-harmonic mean of a,b and c.
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In this section, we will extend this scalar algorithm to convex functions and we
deduce that of positive definite operators. We preserve the same notations as in the
above paragraph.

Let f, g, h € T's(H) such that

dom(f) = dom(g) = dom(h) (6.1)
and define the algorithm
fo = f fosr = (fu,8n,ln)
g = g et ¢ g1 = GB(fargn ) (n=>0).
ho = h hoir = G(fu, 8nihn)

Theorem 6.1. Let f, g, h € T's(H) satisfying (6.1). The sequences (fy), (gn) and (h,)
converge pointwise to the same convex functional <74 7€ (f,g,h), called the arithmetico-
geometrico-harmonic mean of f, g and h, and verifying that

H3(f,8:h) < AGH (f,8:h) < A(f,8,h). (6.2)

Proof. According to relation (5.4), we have immediately
Vn>0, ht <gngt < futt,

from which we deduce successively

g1 = %(fnvgnvhn) < %(fmfmfn) = fu,
hpg1 = %(fn,gmhn) > c%’é(hmhmhn) = h::*

By an induction on n, it is easy to see that i, € I';(H)for all n € N, and so A, < hy)
for every n > 1. Summarizing, we have shown

H5(f,8h) = < <hy <hp 1 <gnit < fur1 < fu < < fi=(f,8,h). (6.3)
It follows that (f,) (resp.(hy)) is decreasing (resp. increasing) and lower bounded
by hy (resp. upper bounded by f), then (f,) and (,) both converge pointwise in
R = RU{+oe}. Call their limits ¢ = lim, f,, and 6 = lim, h,. The inequalities (6.3),
combined with Lemma 2.3 and (6.1), yields
dom (% (f, g, h)) = dom(f;) = dom(g,,) = dom(,)

=dom(¢) = dom(6) =dom (J4(f,g,h)). (6.4)

Otherwise, relation f,, 11 := <4(fy,&n, hn), Which is equivalent to
Vn>0, gn=3fu1—fn—ln, (6.5)

implies that the sequence (g,) converges pointwise in R=RU {+o0}. Putting y =
lim, g, and using relations (6.4), (6.5), we obtain

v=20—-6. (6.6)
Thanks to (6.3) and (6.4), we deduce the following two formulas:

O<y<o (6.7)
and
dom(¢) = dom(y) = dom(9). (6.8)
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Letting n — oo in the inequality g,+1 < fu+1 := (fu + &+ ha)/3, we obtain y <
(¢ +y+6)/3 and, by (6.8), we deduce that 2y < ¢ + 6. Combining this last inequality
with (6.6), we find ¢ < 0 which, by virtue of (6.7), yields that = v = 0. The proof
is complete. U

Remark 6.1. Assumption (6.1) is not necessary for the pointwise convergence of f, and
hy, but it is needed to have lim,, f, = lim, h,. The next example explains this situation.

Example 6.1. Let f =W, g =¥r and h = W where E, F, G are three closed sub-
spaces of H and W is the indicator function of E, i.e. ¥g(x) =0if x € E and Wg(x) =
+o0 otherwise. Recall [27] that f* = W1, g* = Wp. and h* = W, where E* is the
orthogonal complement of E defined by: E+ = {x* € H : (x*,x) = 0 for all x € E}. By
mathematical induction, we can easily verify that f, = Wenrng and by =¥ (g inpingi)
for all n > 1. The sequences (f,) and (h,) converge pointwise but not to the same limit,
since in general ENF NG # (E-NF+G1)*.

Take A, B, C three positive definite operators defined from H into H and define the
following sequences

AO = A An+l = %(AnmeCn)
B() = B and Bn+1 = g:g(An,Bn,Cn) (n Z 0)
CO = C Cn+1 = %(AnaBan)

The following corollary is a version of Theorem 6.1 for the quadratical case.

Corollary 6.1. The sequences (A,), (B,) and (C,) converge, in the strong operator
topology, to a same positive definite operator <74 7€ (A,B,C), called the arithmetico-
geometrico-harmonic mean of A, B and C, and satisfying that

H3(A,B,C) < dGH(A,B,C) < (A,B,C). (6.9)

Proof. First, remark that for each n > 0, the operators A,, B, and C,, are positive def-
inite. Let us put f(x) = 1(Ax,x), g(x) = 3(Bx,x) and h(x) = 1(Cx,x) for every
x € H. By mathematical induction on n € N, it is not hard to see that for all x € H,
fa(x) = 3(Aux,x), gn(x) = 3 (Bux,x) and hy(x) = 3(C,x,x) where f,, g, and h, (resp.
Ap, B, and C,,) were defined previously. According to Theorem 6.1, the real sequences
((Apx,x))ns ((Bux,x)), and ({(Cpx,x)), converge to a same limit which is trivially a
positive quadratical function. By boundedness of sequences of positive operators, we
deduce that the sequences (A,), (B,) and (C,) converge strongly to the same positive
definite operator. Relation (6.9) comes from (6.2) and the proof is complete. U

Remark 6.2. Let f,g,h € T'.(H) and put that
A(f7g7h) = (%(fvgvh)vgfﬁ(fagah)a'%%(fang))

If A" denotes the n-th iterate of A, Theorem 6.1 can be summarized by the next version:
there exists a convex functional .# := &/9 .7 (f,g,h) such that

im A" (f,g,h) = (F,F,.F)
nl—+eo

for the pointwise convergence. An analogous remark works for Corollary 6.1.



102 Arithmetico-geometrico-harmonic functional mean in convex analysis

After proving the existence of the arithmetico-geometrico-harmonic functional mean,
we will complete this section by a discussion about a notion called the “invariance prop-
erty”. In fact, in the case of standard (real) means more general result than that of [20]
holds true. More precisely, we recall the following result.

Theorem 6.2. [20] Let [ C R be an interval and k > 1 a positive integer. Suppose that
M, M,,... .My : I¥ — I are means, that is to say,

min(xy,...,x¢) < Mi(xq,...,x) <max(xp,...,x;), i=1,....k

forall xi,...,x; € 1. If the means My, ..., My are continuous and at most one of them is
not strict, then:

1. there exists a continuous mean K : IF — I such that the sequence of iterates of
the mean-type mapping (My,Ma, ..., M) : I* — I¥ converges to a continuous
mapping (K,K,...,K) : IF — I¥,

2. K is invariant with respect to the mean-type mapping (My,My, ..., M) which
means that K o (My,M, ... ,My) =K (or K is the Gauss composition of the
means My, M, ... ,My),

3. a continuous mean which is invariant with respect to (My,My, . .., My) is unique,

4. if M\ ,M>, ..., My are strict then so is K.

(A mean M : I¥ — I is called strict if
min(xl, N ,xk) < M(xl,. .. ,xk) < max(xl,. .. ,xk)
forall xy,...,x; € I such that min(xy,...,x;) < max(xy,...,xx).)
Let &7, ¢4, 2 denote, respectively, the arithmetic, geometric and harmonic (real)

mean. In the case k =2, M| = &/, M, = ¢ we hence get K = ¢ and the invariance
property reduces to the well known “harmony” identity

G (A (x,y), 7 (x,y)) =9 (x,y), Vx,y>0.

Applying the above theorem in the case k =3, M| = &/, M, =4, M3 = 2 we obtain,
as the invariant mean K, the standard arithmetico-geometrico-harmonic mean. Now
a natural question arises wether the arithmetico-geometrico-harmonic functional mean
/Y 7 defined previously: what should be the analogue of Theorem 6.2 when the
variables x,x2,...,x; are convex functions. In particular, the invariance property for
the functional case is not obvious and appears to be interesting. For the moment, we
are unable to give an answer for this latter point and we put the following conjecture.

Open problem. Let f,g,h € I',(H) satisfying (6.1), is it true that
AGH ((f,8,h),%5(f.8h), H5(f.8,h) = AGH(f,8,h)?

We conjecture that it is.

7. Discussion of the case p = 1/2. In [4], the authors introduced a convex geomet-
ric functional mean as follows: let f,g € I'c(H) such that dom(f) Ndom(g) # @ and
consider the algorithm:

_ 1 1
ur1(f,8) = io‘n(fag)+§(an(f*vg*))* (n>0).
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Theorem 7.1 [4]. Let f,g € I'o(H) such that dom(f) Ndom(g) # 0. Then the sequence
(a4 (f,&))n converges pointwise to a convex function T(f,g) called the convex geomet-
ric mean of f and g. In particular, T(f,0) = f (/2 is called the convex square root

of f.

In [4], the authors stated the definition of 7(f, g) together with its properties for f, g
satisfying that

f,8€To(H) and domoy(f,g) =dom (ao(f*,g"))". (7.1)

As pointed out in [25], the assumption (7.1) which, according to [10], is equivalent to
f,g € I's(H), dom(f) = dom(g), is not necessary to define 7(f,g) as the pointwise
limit of (¢, (f,g))n, but it is needed if we want the limits of the sequences (¢, (f,g))n
and ((ot,(f*,g%))")n to coincide and to have, as a consequence, the equality 7(f,g) =
(t(f*,g%))*. See [25] for an example explaining this situation.

Using the algorithm (AR) and by the same arguments as in [4], Theorem 7.1 (and
Proposition 7.1 below) is still true for all f,g € Conv(H).

The elementary properties of 7(f,g) are summarized in the following.

Proposition 7.1 [4]. Let f,g € Conv(H) satisfying that dom(f) Ndom(g) # 0, then the
following statements hold:

1. t(f,8) = (8, f) and T(f,0) = = f*(0)/2.

2. 1(f+a,g+b)=1(f,8)+(a+b)/2foralla,bc R

3. Iff> fiand g > fo (with fi, f» € Conv(H)) then T(f,g) > T(f1, f2)-

4. H5(f,8) < (f,8) < A (f.8)-

S5If f= %(A-,-> and g = %(B,) where A and B are two positive definite op-
erators, then ©(f,g) = %(G(A,B)‘,-L where 6(A,B) :A%(A*%BA*%)%A% is

the geometric operator mean of A and B.

From Proposition 7.1, we see that the properties of 7(f,g) are similar to those of
G2 (f,g) discussed in Section 4 (cf. Proposition 4.1, Theorem 4.1, Proposition 4.2).
Moreover, an analogue “invariance property” from scalar means to functional ones was
proved in [4], that is

t(A(f,8), 7(f.8)) = 1(f.8),

for all f,g € I';(H) such that dom(f) = dom(g). By virtue of these analogies, we put
the following.

Open problem. Let f,g € Conv(H) such that dom(f) = dom(g) = H. Is it true that
We conjecture that it is.

Of course, the equality (7,2) is true when f and g are two quadratical functions. If
the assumption dom(f) = dom(g) = H is not satisfied then (7.2) does not hold anymore.
We refer the reader to [11] for more information.

Acknowledgments. The authors wish to thank the two referees for their suggestions and
comments which helped improve an earlier version of this work.
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Résumé substantiel en francais. La théorie des « moyennes » scalaires a connu, au
cours des dernieres dizaines d’années, de multiples developpements et d’intéressantes
applications [3, 7, 8, 20]. Entre temps, une extension de cette théorie au cas des opéra-
teurs a connu une large étude présentée avec profondeur et élégance [1, 2, 4, 9, 12, 13,
14, 15, 18, 22]. Au cours des récentes années, la théorie des opérateurs « moyennes »
a connu a son tour une extension au cas des fonctions convexes [4, 10, 11, 25]. L’idée
originale de cette extension vient du fait que la notion de « Legendre-Fenchel conju-
gaison » d’une fonction convexe peut étre, dans un certain sens, interprétée comme un
inverse en analyse convexe. Le travail présenté dans ce papier s’inscrit dans ce cadre
et developpe un ensemble de notions et de résultats suite & ceux déja présentés dans
la littérature. Plus précisément, étant donné un opérateur défini positif A et 0 < p < 1.
Rappelons que, [17], AP est donné par la formule (1.2) dont une forme "convexe" équi-
valente est (1.3). Puisque A est inversible alors A est encore donné par (1.4). Le premier
but de ce travail est de donner une extension de A” pour les fonctions convexes. Nous
suggérons qu’un analogue raisonnable de I’expression (1.4), pour le cas fonctionnel, est
donné par (1.5). Quand p = 1/n, ol n > 2 est un nombre entier, A'/" est 1a racine n€ de
I’opérateur positif A (c.-a-d. le seul opérateur positif B tel que B" = A) et par analogie,
F(/n) sera appelée la racine n° convexe de f. Parmi les propriétés de f(”) que nous
avons étudiées, nous citons les suivantes.

e Pour tous f,g € Conv(H), si f > g alors f(P) > g(P),
e Pour tous f,g € To(H) eta €1]0,1,ona: (of + (1—a)g)? > af? + (1—a)g?).
e Pour tout f € Conv(H),ona: ((1—p)o+pf)* < fP <(1-p)o+pf.

Outre les assertions précédentes, nous avons aussi prouvé le résultat suivant.

Théoréme 3.2. Soit f € I',(H) telle que int(dom(f)) soit non vide et A > 0 assez petit
alors le développement limité fonctionnel a I’ordre 2 suivant
(p—1)

(0+4£)" (@) = o)+ pAf(x)+ L2220 (py (x)) + 276, (£) (),

a lieu pour tout x € int(dom(f)), ou limy_o+ 0, (f) = 0 au sens de la convergence
simple, et py(x) = Py (y)(0) est ['unique point projection de 0 sur le convexe fermé non

vide 9 f (x).

Le second objet de ce travail est de répondre a la question suivante : quel est 1’ana-
logue de a”b'~? (a,b deux nombres réels positifs et 0 < p < 1) quand les variables
a et b sont des fonctions convexes ? Notons qu’un analogue de a”b'~? quand a et b
sont des opérateurs définis positifs, a été largement discuté dans [22] : plus généra-
lement, soit 6 = (07,02,...,0,) € R” un vecteur probabilité donné (c.-a-d. o; > 0,
1<i<met)!,o;=1),les auteurs de [22] ont suggéré qu’un analogue raisonnable
de [T, al‘-”' (a; > 0 nombres réels) est donné par (1.6), ou les variables A;, 1 <i <m,
sont des opérateurs définis positifs. Si nous tentons d’étendre la formule (1.6) pour
les fonctions convexes, la difficulté principale réside dans le fait que I’extension de
I’exponentielle d’un opérateur au cas fonctionnel n’est pas encore achevée. Pour cela,
notre travail decrit une approche, sous un angle fonctionnel, de 1’extension de a”b'~?
du cas réel au cas fonctionnel. Remarquant que a”b' P étend a” (avec b = 1) et véri-
fiant facilement 1’identité (1.7), nous pouvons suggérer qu’un analogue raisonnable de
I’expression (1.7) au cas des fonctions convexes est donné par (1.8).
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Une fois que cette définition est donnée, nous étudions quelques propriétés de
G,(f,g) pour f,g € Conv(H). Notamment, on établit les assertions suivantes.

* Gy(f.8) = G1-p(8.). Gp(f,0) = 7. G, (f,0) = —pf*(0).
e Pour tout a,b € R, G,((f+a),(g+b)) =G,(f,8) +pa+(1—p)b.
e Pour tout a,b € R*,

Gplaf,bg) = Vab G, (ﬁf \/§g> ,

en particulier G (af,ag) =a G,(f,g).
e Pour tout f1, f>,81,82 € Conv(H),
fi 2 frand g1 > g = G,(f1,81) = Gp(f2,82) -

o (P +(1=p)g")" < Gp(f,8) < pf+(1-pe

Dans le cas ou f et g sont deux fonctions quadratiques correspondant respective-
ment aux opérateurs définis positifs A et B, nous obtenons, par une méthode différente
de celle de [22], une autre extension de a”b'~? aux opérateurs définis positifs, a sa-
voir la relation (1.9) laquelle est équivalente a (1.10) ou encore sous forme explicite a
(1.11). Afin de rendre son calcul pratique et efficace pour p = 1/n (n > 2 entier) et A, B
matrices définies positives données, nous avons montré que G, (A, B) est caractérisé par
le résultat ci-dessous.

Théoreme 4.2. Soit A et B deux opérateurs définis positifs, on définit I’algorithme sui-
vant :
1
Ziri = (1-p)Z+pAZ'B)r~', k>0.
Alors la suite (Z)x converge, en norme, vers G,(A,B).

Notre approche permet aussi de décrire une extension de {/aa;---a, (moyenne
géometrique de m réels positifs aj,ar,- - ,a,) aux fonctions convexes. En effet, remar-

quant que
m e 1-1/m
(Cll(JZ"‘am)l/m:a}/ ((a2a3...am)l/( 1))

c’est-a-dire, selon la notation précédente,

(@1az++-am)'" = Gy j(ar, (a2az -+~ aw) "/ ")

nous définissons alors, pour tout nombre entier m > 2 et f;, 1 < i < m, fonctions
convexes, la suite suivante :

Y(fi) = h,
gm(fl,fZ,---7fm> = Gl/m (fbgm—l(f%f%'“afm))?

laquelle donne, par récurrence, la moyenne géometrique de trois ou plusieurs fonctions
convexes.

Cette définition nous a conduit a construire la moyenne arithmético-géometrico-
harmonique /G 7 (f,g,h) de trois fonctions convexes comme précisé par le théoreme
suivant (les opérateurs <7 et 773 ci-dessous sont définis par (5.1) et (5.2) pour m = 3).

)
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Théoreme 6.1. Soient f, g, h € I'.(H) satisfaisant (6.1). Alors les suites (fy), (gn) et
(h,) définies par

fO = f fn+1 = JZ{3(fnagn7hn)
g = & et En+1 = g3(fn7gﬂ7hn) (I’l > 0)
hO = h hn+l - f%(fnvgnvhn)

convergent ponctuellement vers la méme fonctionnelle convexe o/ 7€ (f,g,h), appelée
moyenne arithmetico-geometrico-harmonique de f, g et h, et satisfaisant

H5(f,8.h) < dGH (f,8.h) < H(f.8,h).
Dans le cas ou les trois fonctions f,g,h sont quadratiques, nous obtenons le résultat
suivant.

Corollaire 6.1. Soient A, B, C trois opérateurs définis positifs de H dans H et considé-
rons [’algorithme suivant :

Ay = A An+l = JZ{S(AnaBan)
By = B and Byi1 = %(An,B,,Cp) (n>0).
CO = C Cn-H = %(AmBan)

Alors (A,), (By) et (C,) convergent fortement vers le méme opérateur (défini positif)
G A (A,B,C), appelé opérateur moyenne arithmético-géometrico-harmonique de A,
B et C, et satisfaisant

H4(A,B,C) < /9.7 (A,B,C) < (A, B,C)

Enfin, I’article se termine par une discussion du cas p = 1/2 mis en lien avec la
moyenne géometrique convexe étudiée dans [4].
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