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KAN EXTENSIONS OF THE HOM FUNCTOR IN THE
CATEGORY OF BANACH SPACES

Joan Wick Pelletier

RESUME

Nous avons remarqué dans [6] et [8] que deux classes importantes d'opéra-
teurs — les opérateurs compacts et les opérateurs faiblement compacts — se pré-
sentent comme 1'extension de Kan & gauche d'un foncteur covariant de type Hom le
long de 1'inclusion d'une sous-catégorie K de la catégorie B des espaces de
Banach. Dans chaque cas, 1'extension de Kan se trouve &tre l'espace d'opérateurs

qui sont limites d'opérateurs factorisants & travers la sous-catégorie K .

Dans cette note, nous €tudions la situation générale dont ces deux exemples
sont des cas spéciaux. Nous trouvons des conditions sur une sous-catégorie pleine
K de B qui garantissent que, si A ¢ B, 1'extension de Kan a gauche de
HOM(A,-) 1le long de 1'inclusion K~ B &valué 3 X est 1'espace d'opérateurs
f : A+ X qui factorisent conme mo g : A+ K-+ X, Ke K. Quand on insiste

que m est un monomorphisme, le cas est d'un intér&t spécial. Nous donnons plu-

sieurs exemples.

It has been noticed on previous occasions ([6] and [8]) that two important
classes of operators — the compact and the weakly compact operators — arise as
the left Kan extension of a covariant Hom functor along the inclusion of a sub-
category K of the category B of Banach spaces (the first under the assumption

of the approximation property). Moreover, in both instances the Kan extension
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turns out to be the space of operators which are limits of operators factoring

through the subcategory K .

In this note we study the general situation of which the above two examples
are special cases. We determine conditions on a full subcategory X of B which
insure that for A ¢ B the left Kan extension of HOM(A,-) along the inclusion
K-> B 1is, at X , the completion of the space of operators f : A+ X which fac-
toras mo g:A>K~>X, Ke K. Of special interest is the case when m is
required to be a monomorphism as in the motivating examples. Additional examples

are given.

1. BACKGROUND

We let B denote the category of all (real) Banach spaces and norm-decreasing
linear transformations. HOM(X,Y) denotes the Banach space whose unit ball is the
set of B-morphisms B(X,Y) from X to Y . All functors F on B or on full

subcategories of B are assumed to be strong, i.e., the induced map
HOM(X,Y) + HOM(EX,FY)

must be a morphism in B . We let §§{F,G) denote the set of B-natural trans-
formations from F to G and let NAT B(F,G) denote the Banach space whose unit
ball is BE(F,G) with norm |t = sup{ﬁ_;x” : X e B} .

The category B 1is well known to be complete and cocomplete. Since we shall
have the occasion to use finite sums and products in the next sections, we recall
that for B,B' ¢ B the underlying set of both B x B' and B + B' is the
cartesian product of B and B' . The norms of B x B' and B + B' are as

follows:
05" ) Igye = supClibll,[b' )
1D Yy e = bl + B

Hence, the identity B + B' > B x B' is norm-decreasing and its inverse is contin-
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uous. Given a closed subspace A of B, B/AeB,
b + Al = inf{||b + a|]| | a ¢ A} and the morphism m : B > B/A is norm-decreasing.

Each f ¢ HOM(A,X) can be factored as

A-Ts A/Ker(f) LU s

where m is a monomorphism.

Whenever K 1is a full subcategory of B , there is a restriction functor U

between the functor categories:

The left adjoint of U , if it exists, is called the left Kan extension along the

inclusion K+ B and is denoted LanK .

property that for each F ¢ g—K— , G e El-a- , we have

Explicitly, LanK is defined by the

NATBE(LanE(F),G) o~ NATBE'(F,UG)

A functor F € _B_E is said to be X-computable if LamK UF = F .

The situation for Kan extensions in B 1is studied by Cigler [1] in terms of
tensor products of functors. In particular, Cigler shows that all left Kan

extensions of the above type exist.

If K 1is a full subcategory of B , we denote by D(X) the comma category
of all pairs (K,m) , Ke K, m e HOM(K,X) , with morphisms k : (K,m) » (K',m')
taken to be k e K(K,K') such that m' o k =m . Clearly, D(X) may be consider-
ed as a preordered class as follows: (K,m) = (K',m') if there exists
k ¢ (K,m) > (K',m') in D(X) . We say that D(X) 1is directed if for every
(K,m) , (K'm,') e D(X) , there exists (Ko,mo) e D(X) such that (K,m) = (Ko,mo)
and (K',m') = (Ko,mo) . A subcategory E(X) of D(X) 1is said to be final in

D(X) if for every (K,m) e D(X) there is (K',m') e E(X) with (K,m) = (K',m')



62 KAN extensions of the HOM {uncton in the category of Banach spaces

We note that if X has binary sums, then D(X) 1is directed since

(K,m) , (K',m") = (K+K',mim')

In [6] Herz and the present author show directly that when K = F , the full

subcategory of finite dimensional spaces, LanF GX = lim{GY ! YcX,VYe E} for

any G ¢ §§-. In [8] it is similarly shown that when K = R , the full subcategory
of reflexive spaces, then LanR GX = lim{GR | (R,m) ¢ E(X)} , where E(X) denotes

the comma category of pairs (R,m) , Re R, m : R -+ X a monomorphism. In the

r HOM(A,-)X

case G = HOM(A,-) , moreover, it is shown that LanF HOM(A,-)X and Lan
are the spaces of limits of operators from A to k_ factoring through finite
dimensional subspaces of X and E(X) , respectively. If A satisfies the

approximation property, then LanF

from A to X . For all Ae B, LanR HOM(A,-)X = WC(A,X) [81, the weakly

HOM(A, -)X = COMP(A,X) , the compact operators

compact operators from A to X . Indeed by a theorem of Davis-Figiel-Johnson-
Pelczynski [2], every weakly compact operator itself factors through a reflexive

space.

We would like now to examine conditions on subcategories K and associated
comma categories D(X) and E(X) under which the left Kan extension of
HOM(A,-) at X yields the completion of the space of operators from A to X

factoring through K .

2. LEFT KAN EXTENSIONS OF HOM(A,-)

We begin with our principal results, the first of which describes the Kan
extension of HOM(A,-) along K as a direct limit of Hom functors, when D(X)
satisfies certain conditions, and the second of which provides a concrete descrip-

tion of this direct limit in terms of topological limits of operators.

Theorem 1. Suppose that for each X ¢ B the comma category D(X) 1is non-

empty, small, and directed. Then for all A e B,

Lany HOM(A,-) (X) = 1im{HOM(A,K) | (X,m) e D(X)}
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Proof. Let us denote 1im{HOM(A,K) | (K,m) ¢ D(X)} simply by

Lim HOM(A, -) (X)

It is clear that lim HOM(A,-) (X) 1is a functor in X , since if f ¢ B(X,Y) ,

composition with f defines a functor from D(X) to D(Y)

We now show that lim HOM(A,-)(X) equals LanK HOM(A,-)(X) by showing that

it satisfies the adjointness condition described in Section 1, i.e., we will
produce an isomorphism

NAT B(1im HOM(A, -),F) =~ NAT _(HOM(A,-),UF)
B= BE

for every F € §§-. One direction is easy: for T : 1im HOM(A,-) - F , we define
() =t | K, since for Ke K, 1im HOM(A,-)(K) = HOM(A,K) . In the other
direction, if og ¢ HOM(A,K) -~ FK is given for all K e XK , we may define for

each X ¢ B and (K,m) e D(X)

X
(K, m)

s : HOM(A,K) » FX

X - : X . . o
by S(K’m)(g) = F(m)oy(g) . The family {S(K,m)} is compatible since if

k : (K,m) - (K',m') is in D(X) , then

Stir mty HOMAK)(8) = S(y oy (kog) = Fn')oy, (keg)

F(m')o,, HOM(A,K)(g) = F(m')F(K)oy(g)

F(n'Koy(g) = Fmoy(e) = sy o (8)
Hence, {S%K’m)} defines a morphism
B(o)y = oy : lim HOM(A,-) (X) > FX

such that o, (i (g)) = F(m)o,(g) for all g ¢ HOM(A,K) . Clearly, ¢ is a
X (K,m) K

natural transformation. It is easy to see that £ and ® are inverse operations.

In order to describe lim HOM(A,-)(X) we note that when D(X) 1is directed,

then the set of continuous linear operators factoring through D(X) forms a linear
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subspace of HOM(A,X) . To wit if f=mo g and f' =m' o g' with (K,m) and

(K',m') in D(X) , then we choose (Ko,mo) e D(X) such that
1 1 .
(K,m) , (K',m') = (Ko,mo) and maps k : (K,m) - (Ko,mo) and

Then f + f' = m, ° (k o g + k' o g') . Hence, the limits of

k' ¢ (K'm,') > (Ko,mo).

such operators, i.e.

the completion of this subspace, is a closed subspace of HOM(A,X) . We shall

denote this Banach space by HOMD(X)(A,X)

Theotem 2. Suppose that for each X ¢ B D(X) 1is non-empty, small, and

directed. Then for all A ¢ B,
lim HOM(A,-) (X) = HOMQ(X)(A,X)
provided that the following condition holds:

(*) if f : X>Y factorsas mo g=m' o g' , where

belong to D(X) , then there exists (Ko,mo) e D(X) with (K,

and maps k : (K,m) » (Ko,mo) , k' : (K',m") » (Ko,mo) such

kog=k'og

K
g k m
m
Y —=2 %%
(o)
g' k| ml

(K,m) and (K',m')
m , (K',m) £ (K,m)

that

Proof. It is easy to see that HOMD(X)(A,X) is a functor in X .

Clearly, there is a unique morphism

¥yt Lim HOM(A,-) (X) > HOMp o (A, )

X
such that WX ° l(K,m)

1(K,m) : HOM(A,K) »-1im HOM(A,-)(X) 1is the direct limit map.

= HOM(A,m) for every (K,m) € D(X) , where
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We define
Wx : HOMQ(X)(A’X) > 1&m HOM(A, -)

by W&(mog) = i(K,m)(g) and Wk(lim(mog)) = 1lim i(K,m)(g) . We must show that
?k(mog) is well defined and that 1im i(K,m)(g) exists. Suppose that

mo g=m'"og', with (K',m') e D(X) . Then by condition (*) of our hypothesis
there exist (Ko,mo) e D(X) and maps k ¢ E(K,KO) , k' e E(K’,Ko) such that

m ok=m, m, ° k' =m', and k o g =k' o g' . By compatibility of the

family {i } , we have

(K,m)

i(K,m)(g) = i(Ko,mo)HOM(A,k)(g) = i(Ko’mo)(k°g)

o . . Y - = Tog! : - 3 1
and, similarly, l(K',m')(g ) = l(Ko’mo)(k g') . Hence, 1(K,m)(g) l(K',m')(g )
and Wk(mog) is well defined. Now let € > 0 and suppose that (K,m) is such
that if (K,m) = (K',m') , (K'",m") , then |m' o g' - m" o g"|| <€ . We write

m' e g' -m'oeg' as m o (k' e g'-k'"o g") for some

v

(Ko,mo) (k',m') , (X",m") . Moreover, by multiplying m, and k' o g' - k' o g"
by suitable scalars, we may take |k' o g' - k" o g"[| = [m' o g' - m" o g"| .

Again using the compatibility of the family {i } , we can show that

(K,m)
i(K',m')(g') = i(Ko’mo)(k'og') and i(K”,m")(g") = i(Ko’mo)(k"og") . Hence,

”i(l(',m')(g') - i(K",m")(g”) | = “i(Ko,mo) (k' og' -k'og") ||

A

”k' °g' -k"Og"” = ”m0° (k' ogv —k"og"ll

Thus, {i(K m)(g)} is Cauchy, and its limit is well defined.

It is obvious that WX ° WX =1 . Moreover, WX ° WX ° l(K,m) = l(K,m)

all (K,m) ¢ D(X) implies that Wk ° WX = 1 by the uniqueness of the limit map.

for

Let E(X) be a final subcategory of D(X) . We shall use the following
result (see Mac Lane [7]) : if lim{HOM(A,K) | (K,m) € E(X)} exists, then so does

1im{HOM(A,K) | (K,m) e D(X)} and the two limits are equal.
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Conollary 1. Suppose that for each X € B , E(X) 1is a non-empty, small,

final subcategory of the directed category D(X) . Then
Lan, HOM(A,-) (X) = 1im{HOM(A,K) | (K,m) e E(X)}

Proof. The above remark assures us that l_i;m{HOM(A,K) | (K,m) ¢ D(X)} exists,
so the smallness of D(X) 1is unnecessary. The proof of Theorem 1 can then be

used directly to prove the result.

Corollary 2. Suppose that for each X ¢ B, E(X) is a non-empty, small,
final subcategory of the directed category D(X) . Then if E(X) satisfies condi-

tion (*) of Theorem 2, we have

1im{HOM(A, K) | (X,m) ¢ E(X)} = HOME(X)

(A, X)

Proof. The fact that E(X) is final in D(X) is easily seen to imply that
every operator factoring through D(X) also factors through E(X) . Most useful

in our applications will be the following final corollary.

Conollary 3. Suppose that for each X ¢ B, D(X) is non-empty and directed
and that K has the property that K/ker(m) ¢ K whenever (K,m) ¢ D(X) . Let

E(X) = {(K,m) | (K,m) e D(X) , m a monomorphism} . Then

Lan, HOM(A, -) (X) 1im{HOM (A, K) | (K,m) ¢ E()}

i

HOME(X) (A,X)

Proog§. E(X) 1is obviously a small final subcategory of D(X) . Moreover,
condition (*) of Theorem 2 follows automatically from the directedness of E(X)

Hence, Corollaries 1 and 2 give the result.

3. EXAMPLES

1. We have already noted in Section 1 that for X = F and
EX) = {(X,m) | KeF, KcX,m the inclusion} the conclusion of Corollary 3

is shown directly in [6] to hold. The verification of the hypotheses of Corollary
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follows easily. Clearly, D(X) 1is directed since the smallest subspace generated
by two finite dimensional subspaces is finite dimensional; moreover, quotients of

finite dimensional spaces are finite dimensional.

We remark again that when A satisfies the approximation property, then
LanF HOM(A,-) (X) 1is the space of compact operators from A to X . Finally,

HOM(A,-) 1is K-computable, i.e. LanF HOM(A,-) = HOM(A,-) if and only if A is

finite dimensional.

2. We have also discussed in Section 1 the case K =R . Let
EX) = {R,m) | (R,m) € D(X) , m a monomorphism} . The directedness of D(X)
follows from the facts that (R+R')* = (R)* x (R')* , that a product of reflexive
spaces is reflexive, and that X is reflexive if and only if X* dis . Since

quotients of reflexive spaces are also reflexive, Corollary 3 tells us that

LanR HOM(A,-)X = lim{HOM(A,R) | R,m) ¢ E(X)}

= HOME(X) A,X)
As we remarked in Section 1, HOME(X)(A,X) is the important space of weakly
compact operators from A to X . HOM(A,-) is R-computable if and only if A

is reflexive.

3. Let K =S, the full subcategory of all separable Banach spaces. Since
quotient and binary sums of separable spaces are separable, we see that Corollary
3 holds for S with E(X) = {(K,m) | Ke S, m : K> X a monomorphism} . Hence,

Lan_s_ HOM (A, -)X = HOME(X) (A,X)

n

4. Let K @} , the full subcategory of all spaces of the form Zé , M a

set. Let D(X) = {(&i,m) ¢ HOM(ZE,X)} . We note that (£i.,m) € D(X) ,
= Loy | my 4y 0X =

where OX denotes the closed unit ball of X and 7 : 21

ox X denotes the

projection

T(E)) =&, s e OX .
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Given (‘el\ld’mM) , the projectivity of 11;1 implies the existence of

et 1 B '
kM : KM > [‘OX such that T o kM = My Moreover, we can take kM such that

HkMH < HmMH + € . Hence, (ﬁ;,mM) = (Eéx,n) for all (Z&,mM) e D(X) . Hence

1

D(X) is directed and E(X) = {(zox,

m)} is a small, final subcategory of D(X)

Hence, by Corollary 1,

1

. 1
Lantl HOM(A, -)X = 1im{HOM(A, £o)) | Loy

m) e E(X)} = HOM(A,ZéX)

It can be shown that if HOM(A,ZL = HOM(A,X) , then A 1is (l+€)-projective.

1
OX)
Hence, by a result of Grothendieck (see [9], p. 487), A= 2;

Clearly, for such A, HOM(A,X) = HOM(A,KéX) , so HOM(A,-) is g}—computable

for some set M .

if and only if A 2& .

In addition, Lan 1 HOM(A, -)(X) may be used to characterize the spaces X
which possess the Rado%—Nikodym property. We remark that by a theorem of Lewis
and Stegall ([3], p. 66), X has the Radon-Nikodym property with respect to the
finite measure space (2,Z,u) if and only if every f ¢ HOM(Ll(u),X) factors
through t; (N , the natural numbers) as m o g , where for every € > 0 , g can
be chosen such that |g|| = [If]l + € . Thus, X has the Radon-Nikodym property if

and only if

Lan ; HOM(L (M),-)X = HOM(L) (),X)

£1

5. Let C denote the full subcategory of C-spaces, i.e., C ¢ C if
C= CO(Q) » the Banach space of continuous functions on some locally compact &
which vanish at © . Let K = gq , the full subcategory of all quotients of
C-spaces. If C = CO(Q) and C' = CO(Q') , then C x C' & CO(Q uf') . Moreover,
if m:C~>X, m' :C'> X, then the map from C X C' to X sending (f,g)
to m(f) + m"(g) is continuous and the obvious maps k : C~> C x C'
k' : C'>CxC' arein C . Now if C-+ B, C' > B' are quotients, then
CxC'~+> B XxB' is also a quotient. Hence, D(X) is non-empty and directed and

E(X) = {(B,m) ] B e gq , me HOM(B,X) , m a monomorphism} satisfies the condi-

tions of Corollary 3. Hence,
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Lan, HOM(A,-)X = 1im{HOM(A,B) | (B,m) ¢ E(X)} = HOM, (A,X)
=q =q

Grothendieck [4] calls operators f : A > X such that i, o f factors

X

through gq Y-integral operators. Therefore, elements of LanC
=q

HOM(A,-) (X) are

limits of <y-integral operators.

6. Let K = gp , the full subcategory whose elements are p-spaces,

l<p<ew,ie., Be EP if for every o : Lp(u;R) > Lp(v;R) there exists a

morphism og ¢ Lp(u,B) > Lp(v,B) such that the following diagram is commutative:

Lp(u;B) o Lp(v;B)
ep(u,B) ep(v,B)
LGR) @ B 2®8 o LOR) @B,

where EP(U,B) : Lp(uﬂR) ® B ~ Lp(u;B) is the natural epimorphism sending

f®b to bf .

Herz shows in [5] that if B,B' ¢ Ep , then so is B ®p B' , the completion
of B+ B' with respect to the norm [ (b,b")] = {[bIP + [b'[P}P . Clearly,
D(X) is directed since (B,m),(B',m') = (B ®p B'" , m+ m') . Therefore, since
quotients of p-spaces are p-spaces ([51, p. 75), Corollary 3 is satisfied with
respect to E(X) = {(B,m) | m : B> X a monomorphism} . Hence,

LanEp HOM(A, -)X = lim HOM(A,-) = HOM . (A, X)

7. Let K =H, the full subcategory of Hilbert spaces. This is a special

case of Example 6, since B, =H by [5]. Hence, LanH HOM(A,-)X 1is the space

of all operators from A to X which are limits of operators factoring through

EX) ={(H,m) | He H, m : H> X a monomorphism} .
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