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THE SPACE OF BINARY THETA SERIES

ERNST KANI

RESUME. Le but de cet article est d’étudier I’espace © p engendré par les séries
théta binaires 9y qui sont attachées aux formes f primitives positives binaires quadra-
tiques d’un discriminant D < 0 fixé. En particulier, nous expliquons comment une telle
série théta 9 peut étre exprimée comme une combinaison linéaire des éléments de la
base (étendue) d’ Atkin-Lehner pour les formes modulaires de poids un. De plus, nous
montrons que cet espace a une base naturelle {0, }, consistant de fonctions propres
de Hecke ¥, (attachées aux caracteres x du groupe CI(D) des classes des formes de
discriminant D) et nous calculons les fonctions L(s, ¥, ) associées.

ABSTRACT. The purpose of this paper is to study the space © p generated by the
binary theta series ¥ attached to the primitive positive binary quadratic forms f of
a fixed discriminant D < 0. In particular, we explain how each such theta series
¥ can be expressed as a linear combination of the elements of the (extended) Atkin-
Lehner basis for modular forms of weight one. Furthermore, we show that this space
has a natural basis {1, }, consisting of Hecke eigenforms ), (attached to characters
x of the class group CI(D) of forms of discriminant D) and work out the associated
L-functions L(s, ¥, ).

1. Introduction

Let ©p denote the space generated by the binary theta series 1J; attached to the
primitive, positive-definite binary quadratic forms f(x,%) = ax? + bxy + cy? of dis-
criminant D = b? — 4ac < 0. It is curious that while much has been written about the
space generated by theta series attached to quadratic forms in 2k > 4 variables (cf. [15]
and the references therein), the binary case does not seem to have been treated in detail
in the literature. It is the purpose of this paper to fill this gap by presenting a variety of
known and unknown results about this space.

By the work of Weber [33], Hecke [12] and Schoeneberg [26], it is known that © p
is a subspace of the space M;(|D|,vp) of modular forms of weight 1, level |D| and
Nebentypus ¢p, where vp = (Q) is the Kronecker-Legendre character. Contrary to
the case of higher weight, the space of binary theta series is often a proper subspace of
M;i(|D|,v¥p) (cf. Remark 16) and so it is of interest to be able to identify it inside the

space of modular forms.

As a first step towards this, we explain in this paper how each theta series ¥y can be
expressed explicitly as a linear combination of the canonical (extended) Atkin-Lehner
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basis of M (|D|,%p); cf. Remark 30(b). This (and other results) are used in the paper
[17] to give an intrinsic description of the space of all theta series.

To this end we first observe that © p has a natural basis {¢, } indexed by the char-
acters xy € CI(D)* of the class group CI(D) of forms of discriminant D. It turns out
that each ¥, is a normalized eigenform with respect to Hecke algebra T(D); the latter
is the algebra generated by all Hecke operators 7T, with (n, D) = 1.

Theorem 1. The space ©p is a T(D)-submodule of M;(|D|,p) of multiplic-
ity one, and has a canonical basis {1, } consisting of normalized T (D)-eigenforms.
Furthermore, ¥ is a cusp form if and only if x is not a quadratic character.

This theorem implies the following interesting result.

Theorem 2. We have ©p = @g @ ©F, where @g = O©pNEi(|D|,v¥p) denotes
the Eisenstein space part and ©7) = ©p N S1(|D|,1) denotes the cusp space part of
©p. Moreover,

1) dim©% = gp and dimOP = §(hp — gp),

where hp = |C1(D)| denotes the number of classes of forms of discriminant D, and
gp = [CI(D) : CI(D)?] denotes the number of genera.

Note that it follows from (1) that © p has no non-zero cusp forms if and only if
hp = ¢gp, i.e., if and only if D is an idoneal discriminant. As is explained in Remark
17(b) below, this can be viewed as an alternate version of Theorem 3 of Kitaoka [18].
Moreover, Theorem 2 implies that a classical result of Siegel [29] (for quadratic forms
in m > 4 variables) extends to binary forms; cf. Corollary 18.

If D is a fundamental discriminant, i.e., if D = d, where d is the discriminant
of K := Q(v/D), then Theorems 1 and 2 are essentially well-known, although I have
not been able to find an explicit reference (except for the comments in Hecke [14],
p. 792). Indeed, in this case each 1), is the modular form f(z;yx) associated to x
(viewed as a Hecke character) by Hecke’s construction, and so each ¥ is a primitive
form (newform); cf. Remark 16. In particular, in this case the 1J,’s are part of the
canonical Atkin-Lehner basis.

However, if D is not a fundamental discriminant, then this is no longer true: ©p
is not contained in the space generated by the modular forms f(z;x) associated to
Hecke characters (cf. Theorem 3 and Corollary 33). More precisely, ) is equal to
the modular form f(z; x) associated to the character x (viewed as Hecke character)
if and only if x € CI(D)* is primitive, i.e., x is not equal to the lift x’ o 7 of any
character x’ € CI(D')* of some “lower level” D'|D, D' # D, via the canonical map
m =mp,p : CI(D) — CI(D’). In the general case the situation is as follows.

Theorem 3. Let x be a character on the class group C1(D), where D = fl%d K-

(a) There is a unique divisor f,|fp and a unique primitive character x,, on the
class group CI(D, ), where D, = fidK, such that x = Xpr © Tp D, -

(b) The form ¥, € ©Op, is a primitive form of level |D,| whose L-function
is the Hecke L-function associated to a suitable Hecke character X, ; in other words,
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L(s,¥y,,) = L(s, Xpr). Moreover, there exist constants c, () € R such that

» Y Xpr

2 I (2) = D eal)V, (n2),

n|f3
where f, = fp/f. Furthermore, the function n — cy(x) is multiplicative and has the
generating function

3) C(s,x) = ch(x)nfs = L(S,ﬁx)/L(s,ﬁXpr) = L(s,0y)/L(s, Xpr) -

n|f?

Note that while L(s, 9y,,.) = L(s, Xpr) is a classical Hecke L-function and hence is
well-understood, the L-function L(s, ¥, ) is more complicated and is, in fact, unknown.
(It is computed incorrectly in [21] and in [1]; cf. Remark 11.) Thus, (3) does not help in
determining the constants ¢, (). Instead, we calculate C(s, x) directly in Theorem 28
by using facts about ideals in quadratic orders which are presented in the Appendix
(see §6). As a consequence, we thus obtain not only the desired explict formula for ¥/ ¢
in terms of the Atkin-Lehner basis (cf. Remark 30(b)) but also an explicit expression for
L-function L(s, x) which seems to be new; cf. Corollary 31. In particular, we obtain

Corollary 4. If p°»|| fx denotes the largest power of p dividing fx, then the p-Euler
factor Ly (s, x) of L(s, x) at p|fy is
1— p(1—25)ép (1 — %dJDX (p)> p(l—QS)Ep

L,(s, = '
p(5,X) 1—pl-2s 1 — ap(Xpr)p% + ¢, (p)p~28

At the end of §5, we present some special cases and numerical examples of these
results; cf. Examples 35 and 37.

After the first version of this paper was completed, Norm Hurt drew my attention
to the papers of Sun and Williams [30, 31] which are partially related to some of the
topics mentioned here. Indeed, Corollaries 31 and 4 can be viewed (for D < 0) as a
generalization of many of their results; cf. Remark 32(c) for more details.

2. The basis {9, } of ©p

As in the introduction, let f(x,y) = ax?® + bxy + cy? be a primitive, positive
definite binary quadratic form of discriminant D = b* — 4ac < 0. Thus a,b,c € Z
and (a,b,c) = 1,and D = f3dk, where d is the (fundamental) discriminant of the
imaginary quadratic field K = Q(v/D). For a fixed D, let Qp denote the set of all
such forms. The binary theta series attached to f € Qp is the function on the upper
half-plane $ given by

ﬁf(z) = Z 627rif(x,y)z — z:rn(f)e%rinz7
n=0

z,yEZ

where 7,(f) = #{ (z,y) € Z? : f(x,y) = n} denotes the number of representations
of n by f. The following fact is fundamental for most of this paper.
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Proposition 5. If f € Q) p, then ¥ is a modular form of level | D| and Nebentypus
Yp = (2). Thus ©p := > reqp CUr is a subspace of My (|D|,¢p).

Proof. See Schoeneberg [27], ch. IX, Theorems 4 and 5, or Miyake [22], Corollary
4.9.5(3). O

Remark 6. (a) This result was proved by Weber [33] in 1893 (see his formula
§15 (21)), except that he did not verify that 5 is holomorphic at all the cusps. In
1926 Hecke [12] proved a more general result from which above result can be deduced
(cf. Remark 11(c)). Siegel [29] proved something weaker but for quadratic forms in an
arbitrary number m > 2 of variables; cf. [29], Hilfssatz 30 and 31 and also Satz 4,
where the case m = 2 is excluded. In 1939 Schoeneberg [26] proved a very general
result about theta series which includes the above result as a special case.

(b) The L-function associated to the modular form 9 is

Zs(s) = L(s,0p) = Z”;g) = Y flz,y)"*. whereRe(s) > 1.

n1 (z,y)#(0,0)
This function is often called the Epstein zeta-function of f (cf. e.g. [7]), even though it
was introduced by Dirichlet in 1839 (cf. [8], §6.18 (p. 358)) and was studied intensively
by him and by Kronecker [20] (and by others) many years before Epstein.

Recall that the group GLy(7Z) acts on binary quadratic forms by change of coordi-
nates, and that this action preserves the set () p. It is immediate that r,,(fT") = r,(f),
foralln > 0and T' € GLy(Z), so ¥ y7 = ¥y. We can thus index the theta series by the
quotient set

Qp = Qp/GL2(Z) = Qp/=,

where ~ denotes the equivalence relation induced by GL2(Z)-equivalence.

Proposition 7. ' The set {J; : f € Qp} is a basis of the space © p. Thus

dim®p = hp = #Qp.

As we shall see, this follows easily from the following basic facts about binary
quadratic forms which are due to Dirichlet [8] and Weber [32].

Lemma 8. Let f, f1, fo € Qp be primitive quadratic forms. Then:

(a) There exist infinitely many prime numbers p with r,(f) > 0.

(b) If there is a prime number p t D withr,(f;) > 0, fori = 1,2, then fi =~ fo.

Proof. (a) This was first proved by Dirichlet [8] for prime discriminants and by

Weber [32] in the general case. A proof using class field theory is given in Cox [6],
Theorem 9.12.

(b) Weber [33] states this (elementary) result on p. 259 and points out that it follows
easily from his paper [32] (or from a paper of Schering). It is restated and proved
(without references) as Satz 1 in Piehler [24]. O

IThe referee pointed out that this can be viewed as a special case of the lemma on p. 158 of Kitao-
ka [19]
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Proof of Proposition 7. Let fi,..., fv € (p be a system of representatives of
Qp; thus, N = hp. It is clear from what was said above that dp, ...,V generate
©p. To prove that they are linearly independent, suppose that c19y, +...+cndy, =0,
for some ¢y, ...,cy € C. Thus c;7y(f1) + ... + enrn(fn) = 0, for all n > 0.

Fix i. By Lemma 8(a) we know that there is a prime p = p; { D with r,(f;) > 0,
and from Lemma 8(b) it follows that 7,(f;) = 0 for all j # i. We thus have that
¢irp(fi) =0, s0 ¢; = 0, and hence {¥, } is a basis of © p, as claimed. O

We now introduce another basis of the space ©p. For this, recall that by Gauss’s
theory of composition of forms (cf. Gauss [9]) the set

CI(D) := Qp/SLa(Z) = Qp/~
has the structure of an abelian group. The identity of C1(D) is the class of the principal
form 1p which is defined by 1p(z,y) = 22 + exy + =52y2 for D = £ (mod 4) and

e € {0, 1}. Note also that the SLa(Z)-equivalence relation ~ is related to the previous
GLy(Z)-equivalence relation ~ by

(4) finfo == fi~foorfi~fyl,

where fy ! denotes a representative of the inverse class of fy (in the group CI(D)).
From this it follows easily that

5) hp = %(gD +hp), where hp = |CI(D)| and gp = [CI(D) : CI(D)?].

Let x € CI(D)* := Hom(CI(D),C*) be a character on CI(D), and put
1
6) Oy = — Y x(f)¥y € Op,

YD tlap)

where wp = r1(1p). (Thus, as is well known, wp = 2 when D < —4 and w_4 = 4
and w_3 = 6.) Note that the terms on the right-hand side are not linearly independent
since we sum over CI(D) in place of Q. However, by using (4) and noting that
x(f~1 = x(f), we can re-write (6) in the form

) by = 3 w(PRe(x(F)0;.

where w(f) = #{f € CI(D) : f ~ f}. (Thus, w(f) = 1,if f?> ~ 1p and w(f) = 2
otherwise.) From this expression we see immediately that 0,1 = 9y, and so it is
useful to index the ¥, ’s by the set CI(D)" = CI(D)*/(x — x~ ). We then have:

Proposition 9. If f € (Qp is a primitive quadratic form, then

wp

8) 9y = % D XUk =32 D whoRe(X()dy

X€CI(D)* x€CI(D)

where w(x) = #{x,x ' }. Thus {0, : x € CI(D)" } is also a basis of O p.
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Proof. Since 9,1 = ¥, the second identity of (8) is clear. To prove the first
identity, recall that the orthogonality relations for group characters imply that

X€ECI(D)* 0  otherwise.

From this, together with the definition (6) of ¥, it follows that

wp X = D X D, x(f)iy
(D)

x€ECI(D)* x€ECI(D)* f1ECI(D)
= D> xUYH DD x(h)g
X€ECI(D)* f1ECI(D)

= > dn >, x(Fh) = hoty,

f1ECID)  x€eCI(D)*

which proves the first identity of (8) and hence (8) itself.

Tk

From (8) it is clear that the set { 9}, : x € CI(D) } generates the space O p. Since
Cl(D) ~ CI(D)*, it follows that

#(CID) ) = #(CUD)/(f = ) = #Qp = dimOp,

where the last two identities follow from (4) and Proposition 7, respectively. Thus, the
set {¥y : x € CI(D)"} is a basis of O p. O

We now examine the Fourier coefficients a,(x) := a,(¢) of the modular form
¥, more closely. For this we shall use a basic result due to Dedekind that the class
group CI(D) can be identified with the group CI(Op) = Pic(Op) = I(Op)/P(Op)
of classes of invertible (fractional) ideals of the order O p of discriminant D in the
quadratic field K = Q(v/D). (Here we use the terminology and notation of Appendix

§6.1.) More precisely, if L(f) = aZ + #Z denotes the quadratic lattice in K

associated to the form f(z,y) = ax?® + bxy + cy? € Qp, then the rule f — L(f)
defines an isomorphism

Ap : CI(D) = CI(Op) := I(Op)/P(Op);
ct. Cox[6], Theorem 7.7 (p. 137). We observe:

Proposition 10. Let x € CI(D)*. If n > 1, then the n-th Fourier coefficient of ¥,
is given by the formula

) am(x) = Y. x(a),

acld, (DD )
where 1d,,(Op) denotes the set of invertible ideals of O p of norm n and

X" = xoAp € Cl(Dp)*.

Moreover, ap(x) = 0 except when x = 1 is trivial, and then ao(1) = 3~ .
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Proof. Recall that if f € @Jp, then
f(x,y) = az® 4+ bry + ey’ = Ni(ax — Bry)/N(L),

where §; = %, Nk denotes the field norm and N(L) = a is the norm of the
lattice L := L(f); cf. [6], p. 137. We thus obtain (in the notation of the appendix) that

(10) 95(z) = ermlowr

T, YEL

_ Z eQmNK(oc)z/N(L(f)) =1+ wp Z eQﬂiN(a)z,

a€EL(f) a € Id(Op)
aL(f) € P(Op)

where the last equality follows from the fact that a := o L(f) ! is an integral O p-ideal
ifand only if o € L(f) (where v € K*), together with the fact that |0 | = wp. From
this it thus follows from the definition that

i) = o Y x(f)<1+wp > e%z‘M@z)
)

wp
feci(D) aeId©Op
aL(f) € P(Op)

= o+ Z X*(a)CQTriN(a)Z’
acld(Op)

where ¢, = % >_ reci(py X(f)- This proves (9). Note that ¢, = 0 except when x = 1;

. h
in the latter case clearly ¢, = %. g

Remark 11. (a) The above result shows that the L-function associated to 1J,, is

oy = S = 5

n>1 a€ld(Op)

where y* = xoAp!. Thus, L(s, 9, ) coincides with the L-function Lo, (s, x*) defined
by the first equation on the bottom p. 280 of the first edition of [21]. (Note, however,
that the Euler product given by second equation in [21] is incorrect when D is not
fundamental; this is why Lang restricts his discussion to fundamental discriminants in
the second edition.) Similarly, L(s,9,) = L, (s), where the latter is as on p. 204 of
Antoniadis [1]; in fact, we already have that ¥, (z) = F,(z). Here too, the given Euler
product is incorrect in general, as Corollary 4 shows. (In fact, the assertion stated there
(without proof) that F, is always a newform is also incorrect; cf. Corollary 33.)

(b) For later reference we note that for the trivial character y = 1 the equations (6)
and (9) yield that

an an() = — 57 1) = #1da(Op).

YD lcipy

This number will be computed below (cf. Remark 32(b)) and is well-known when
(n, fp) = 1; cf. (57).
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(c) Note that it follows from the first part of (10) that if f € @p, then

fp
95(z) = Y I(fpz aiv/dx, ay, fpv/di),
i—1

where 9(z; p, 0, QVdk) = 3,2 (a0vdr) e2mieNK (W)/(N(@)Qldk) s as in Hecke [12],
ar = L(f)Ok, and {o;} is a system of coset representatives of L(f)/fpas. Thus, ©p
is a subspace of the space generated by dilations of Hecke’s theta-functions.

By using results about ideals in the ring O p (cf. Appendix, §6.2), we obtain the
following important result.

Theorem 12. If x € CI(D)*, then the function n — ay(x) is multiplicative. Thus
¥y is a normalized eigenfunction with eigenvalue a,,(x) with respect to the Hecke
operator T,, whenever (n, fp) = 1.

Proof. Put x* = x o Ap' € CI(Dp)*, and write Id,, = Id,(Op). If (m,n) = 1,
then from (9) together with Proposition 44 of §6.2 we obtain that

amn(X) = Z X" (a)

acldmn

= > ) xr(be)

bEIdm, cE1dn
= > X)X
beld, celdn,
= am(x)an(X),
which shows that the function n — a,,(x) is multiplicative. Moreover, since
a1(x) = x*(Op) =1,
we see that 1), is normalized.

From this it follows from Hecke [13], Satz 42, that 1, is a Tn—eigenfunction,2 at
least when (n, |D|) = 1. By using the results of [22], this can be refined to yield the
above assertion also for (n, fp) = 1, as we shall now show.

Fix n > 1 with (n, fp) = 1, and consider the function
9 = (O )hTnh —an(x)0y € Mi(|D],¢p) .

For any m > 1 with (m,n) = 1 we have by [22], Lemma 4.5.14, and the above result
that the m-th Fourier coefficient of g is

am(g) = anm(X) — an(X)am(X) =0.

Thus, since ¥p has conductor |dx| and since % = fl%, we see that g satisfies the
hypothesis of Theorem 4.6.8(1) of [22] (with [ = n), and so g = 0. This means that ¥,

is a T,-eigenfunction with eigenvalue a,, (), as asserted. U

2Note that this argument requires “only” the condition that @mn(X) = am(x)an(x),¥Vm,n > 1
with (m,n) = (n, D) = 1. However, one cannot weaken this hypothesis to requiring this condition only
for the m’s satisfying the extra condition (m, D) = 1, as easy counterexamples show.
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3. The Eisenstein and cuspidal parts of ©p

By the basic theory of modular forms, the space My (N, ) of modular forms of
level N, weight k& and Nebentypus ¢ has a canonical decomposition

into its Eisenstein part Ej (N, ) and cuspidal part Si(N,); cf. [22], Theorem 4.7.2
(together with Theorem 2.1.7).
Since ©p C M;(|D|,9¥p), we can define its Eisenstein and cuspidal part by
©F = ©p N E(|D|,4p) and O, := Op N Si(|D|,¢p),
respectively.

We now want to find canonical bases for these spaces. As we shall see, the 7, ’s
serve this purpose: it turns out that either 9, € ©F or 9, € ©7; cf. Theorem 14 and
Remark 17(a) below.

To verify this, we shall compare the coefficients of 1), to those of a suitable mod-
ular form attached to some Hecke character on the ray class group mod fpO of the
quadratic field K = Q(v/D). To achieve this, recall first that the map a — a N Op
induces an isomorphism

¢p : Ix(fp)/Prz(fp) = Cl(Op),

where I (f) is the group of fractional ideals of O i which are prime to f and P 7(f)
is the subgroup of Ix (f) generated by principal ideals of the form aOf, where the
element a € Oy satisfies « = a(mod fOf), for some a € Z with (a, f) = 1;
ct. Cox[6], Proposition 7.22. We then have:

Proposition 13. Let y € CI(D)*, and let x := x o )\Bl o ¢p be the associated
Hecke character on I (fp). If n > 1, then

(13) an(x) = an(¥) = > Xl(a), provided that (n, fp) = 1.
ac€ld,(OK)

Proof. By Proposition 45 we know that the map a — a N O p induces a bijection
Id,(Ok) = Id,(Op), whenever (n, fp) =1,

and so the assertion (13) follows in view of (9). Il

In the next sections we shall study the precise relation between a,,(x) and a,(Y)
also in the case that (n, fp) > 1. As we shall see, the formula (13) is in general no
longer true in this case, and has to be replaced by the more complicated formula (28)
below. Nevertheless, the above relation (13) suffices to derive many useful properties
about the ¥, ’s. To formulate these in a convenient manner, it is useful to introduce the
following notation.

Notation. If f; and f5 are two modular forms and if NV an integer, then we write

fi~n f2 &L an(f1) = an(f2), foralln > 1 with (n,N)=1.
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With this notation, we can then reformulate (13) in terms of the modular form f(z; )
(cf. [22], p. 183) as follows:

(14) Ox(2) ~pp > @)™ N~y f (2.
aeld(DK)le(fD)

Theorem 14. Let x € Cl(D)* be a character. If  is not quadratic, i.e., if x* # 1,
then ¥, is a cusp form, and otherwise 1, is in the Eisenstein space.

Proof. Let ¥ := x o A5 o ¢p be the Hecke character on If¢(fp) associated to x.

Assume first that x? # 1. In this case we have that ¥ # 1) o N, for any Dirichlet
character ¥ mod fp. Indeed, if this were the case, then 1 is necessarily a quadratic
character because if (a, fp) = 1, then ¥(a?) = Y(Nk(aDf)) = x(aO ) = 1 since
aOk € Pgz(fp). Thus X is also a quadratic character, contrary to the hypothesis.

Since x # 1 o Nk, we know by [22], Theorem 4.8.2, that f(z;x) € S1(N,¢p),
where N = |dx|Ni(fpOx) = |DJ; clearly f(z;x) is a T(V)-eigenfunction. Since
Uy ~fp f(2:X) by (14), it follows from Lemma 15(c) below (together with Theorem
12) that 9, is also a cusp form.

Now suppose that xy € CI(D)* is a quadratic character. Then by Gauss’s genus
theory there exist fundamental discriminants Dy, D such that D = ¢2D; D, for some
integer ¢ and such that Y = ¢p, o Ng = 1p, o Ng; cf. Weber[34], §104 and §1009.

Since the pair (v¥)p,, ¥p,) satisfies condition (4.7.2)(ii) on p. 176 of [22], there is

a form f1 = fl(z§¢D17¢D2> S El(’DlDQ‘wang) C El(’D‘,’LﬂD) such that its
L-function is L(s, f1) = L(s,%¥p,)L(s,1¥Dp,); cf. [22], Theorem 4.7.1. We now claim:

(15) Ux(2) ~p fi1(2¢Dy,¥D,).
Indeed, since X = ¢p, o Nk, it follows from (13) that for (n, D) = 1 we have that

16)  an(X)=an(X) = Y. ¥n,(N(a)

acld,(Ok)
= P, (n)#1dn (D) = ¥, (n) Y Ve (t),
tin

the latter by (57). Since g, (t) = ¥p, (t)¥p,(t) and
n n
tz (nt) = tz (tQ; ) = ¢D2 (? >a

we thus see that an(x) = > 4, ¥, (1)¥D,(}) = an(f1;%D,,¥D,), which proves
(15). Using this, it follows from Lemma 15(c) below that ¥, € E1(|D|,¢p). O

Above we had used the following general fact about T(V)-eigenfunctions which is
proved implicitly on p. 179 of [22]. Here, as usual, T(N) C Endc(My(N, 1)) is the
Hecke algebra generated by the Hecke operators 7, with (n, N) = 1.

Lemma 15. (a) If f € My(N, ) is a T(N)-eigenfunction, then either f € Si.(N, 1)
or f € Ep(N,v).

(b) If fi1, fo € My(N, ) are two non-zero T(N)-eigenfunctions which have the
same T (N )-eigenvalues, then either both are cusp forms or both are in Ey,(N, ).
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(c) Let fi,fa € My(N,vy) be two normalized T(N )-eigenfunctions such that
fi ~~ fao. Then fi is a cusp form if and only if fy is a cusp form, and similarly
fi1 € Ex(N,%) if and only if fo € Ex(N, ).

Proof. (a) This is implicitly proven in the course of the proof of Theorem 4.7.2 of
[22] on p. 179. For convenience of the reader, we sketch the proof.

If false, then f = f1 + fo with f1 € Sg(N, ), fo € Ex(N,v) and f; # 0 for
i = 1,2. Then as [22] (loc. cit.), f; is a T(N)-eigenfunction with the same eigenvalues
as f and there exist normalized eigenfunctions

f1 € Sk(N,¥) and fo = fi(2; x1,X2) € ER(N, )

with the same T(NN)-eigenvalues as f. Thus L(s, f1) ~n L(s, f2), where ~y means
equality except for the Euler factors at the primes p | N. If yo is trivial, then this is
impossible because I'(s)L(s, f1) is entire while T'(s)L(s, f2) has a pole at s = k, as
is explained in [22], p. 179. In the general case, by considering the twists (f1)yg, and
(f2)x., one obtains a similar contradiction.

(b) If false, then f = fi + f2 is a T(/NV)-eigenfunction which contradicts part (a).

(c) The T),-eigenvalue of f; is a,(f1) = an(f2) as each f; is a normalized eigen-
function. Thus f; and f> satisfy the hypotheses of (b), and so the assertion follows. [J

Remark 16. In the case that D = dj is a fundamental discriminant, it follows
from the above theorem that all the 1J,’s are primitive forms in the sense of section 4
below. Indeed, since in this case ¢)p = )4, is a primitive character, it follows from
the general theory of newforms (primitive forms in the terminology of [22], p. 164)
that all T(D)-eigenfunctions of S1(|D|,vp) are newforms; cf. [22], Lemma 4.6.9(1)
and Theorem 4.6.12. In particular, it follows immediately that the ¥, = f(z, x) are
newforms when y? # 1.

A similar result also holds for the Eisenstein series 1, when X2 = 1, but this re-
quires a different argument. Here we use instead the structure theorem of the Eisenstein
space F1(|D|,v¥p); cf. [22], p. 179. Specialized to the present situation, it yields that

(17) Ei(ldxl,va) = @B Chilz¢p,,vn,),

dx=D1Ds

where the sum is over all factorizations dx = D7Dy of di into fundamental discrim-
inants D1, D> (and the factorization dxg = D> D is considered to be the same as the
factorization dxg = D1 Ds), and f1(z;¥p,, ¥ p,) is as in the above proof. To verify this
from formula (4.7.17) of [22], note first that if 14, = 1112 is any factorization into
characters v; with conductors M; such that M; Ms|d g, then necessarily |dx | = M1 Mo
and (M1, M3) = 1. By adjusting signs, we thus have the factorization dx = D; Do
into fundamental discriminants (with |D;| = M;). Moreover, since v; is necessarily
quadratic (because (M, Ms) = 1), it follows that

Y =vYp, = <Dl>

is the Kronecker-Legendre character. This verifies (17).
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From (17) it follows that we can improve the relation (15) to an equality because
all T(D)-eigenspaces of E1(D,p) are 1-dimensional by (17), and so all the 1), with
x? = 1 are “primitive” as well.

‘We observe that it follows from (17) that
O, == Op N Ei(ldx |, va) = Er(ldxl, day).

However, the analogous statement for

05, =6p N Si(|dk|, Yax)

is in general not true, as the discussion of Serre [28], §9, and/or [17] shows. In
particular, the table on p. 258 of [28] shows that we have ©F » 51 (p,v—p) for
p = 139,163,211, 227, 283.

We are now ready to prove Theorems 1 and 2 of the introduction.

Proof of Theorem 1. By Proposition 9 and Theorem 12 we know that the subspace
©p of M;(|D|, v p) has the basis {¢, } which consists of T(D)-eigenfunctions, and so
it follows that © p is a T(D)-submodule.

To verify that © p has multiplicity one, we have to show that J,, and ¥, belong
to different T(D)-eigenspaces whenever 1, # ¥y,, i.c., whenever x1 ¢ { x2, x5 }-

For this, we first note that there is an f € Qp such that x1(f) # x2(f), Xa2(f)-
Indeed, the hypothesis on 1, x2 implies that 3f; € Qp such that x1(f1) # x2(f1) and
x1(f2) # x3 ' (f2) = X(f2)- Now if x1(f1) # Xo(f1). then we can take f = f1 and
if x1(f2) # x2(f2), then we can take f = fo. If neither of these cases holds, then we
can take f ~ f1fo (product in C1(D)) because here we have that x1(f1) = X5(f1) and

X1(f2) = x2(f2), and so
x1(f) = xa(f)x1(f2) # xa(f1)x1(f2) = x2(f1)x2(f2) = x2(f),

and

x1(f) = xa(foxi(f2) # Xo(f1)xa(f2) = Xa(f1)X2(f2) = Xa(f) -

With f as above, choose a prime p t D such that r,(f) > 0; cf. Lemma 8(a). Then
by (7) and Lemma 8(b) we see that
w(f .
a00) = 2D Re(u(Fry), fori= 1,2,

wp
Since x1(f) # x2(f), X2(f) and [x;(f)| = 1, it follows that Re(x1(f)) # Re(x2(f)),

and so ap(x1) # ap(x2). Since ay(x;) is the T)-eigenvalue of ¥, by Theorem 12, we
see that ,, and 9, lie in distinct T(D)-eigenspaces, so © p has multiplicity one.

The last assertion of Theorem 1 follows immediately from Theorem 14. 0

Proof of Theorem 2. Let Vg and Vg denote the C-subspace of ©p generated by
{9y : x* = 1} and by {0, : x® # 1}, respectively. By Theorem 14 we know that
Vi C ©F and Vg C ©7, and by Proposition 9 we know that Viz + Vs = ©p. Since
0k n ey = {0} by (12), it follows that Vy = ©% and Vg = ©%, and that hence
Op =05 o 63,
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Let CI(D)*[2] = {x € CI(D)* : x> = 1} denote the group of quadratic charac-
ters. By Proposition 9 we know that the set {1}, : x € CI(D)*[2]} is linearly indepen-
dent and hence is a basis of @g = VEg. Thus

dim(©5) = |cI(D)*[2)| = [CI(D) : CU(D)?] = g,
and hence
. . . - 1
dim(©}) = dim(6p) — dim(65) = hp —gp = 5(hp = gp),
the latter by Proposition 7 and equation (5), respectively. This proves (1). U

Remark 17. (a) For later reference we note that the above proof of Theorem 2
shows more precisely that

{9, : x € CI(D)*[2] } is a basis of OF,
and that
{9y x € CI(D)", x% # 1} is a basis of ©3,.
(b) It follows immediately from (1) that
(18) Op C Ei(|D|,vp) <= ©% ={0} <= hp=gp.

The discriminants D < 0 which satisfy the last condition (or, equivalently, the condition
that C1(D) is an elementary abelian 2-group) are called idoneal discriminants because
a number n > 1 is idoneal (in the sense of Euler) if and only if —4n is an idoneal
discriminant; cf. [16] for a recent survey about idoneal numbers.

The above assertion (18) can be viewed as an alternate version of Theorem 3 of
Kitaoka [18], which states that

(19) V1, € E1(|D|,¥p) <= hp = gp.

Indeed, if hp = gp, then clearly V1, € 6p C Ei(|D|,%p) by (18). To prove the
converse, note first that by (8) we have that

1
191D = wiD Z ’l,U(X)'ng

%k

x€CI(D)
(because x(1p) = 1 for all x € CI(D)*). Thus, by part (a) we see that
Y1, € Er(|D],¢p) & x* = 1,¥x € CI(D)* & CI(D)* = {1} & hp = gp,
which proves (19).
The above results immediately imply the following corollary which generalizes the
work of Siegel [29] on theta-series attached to forms in m = 2k > 4 variables (cf. [29],
particularly pp. 577-581) to the case of binary forms. Note that this gives an alternate

proof (for binary forms) of Kitaoka’s extension of Siegel’s work to the case m > 2;
cf. [18], Lemma 1.

Corollary 18. (a) Let f1, fo € Qp be two primitive forms. Then ¥y, — ¥y, is a
cusp form if and only if f1 and f» are genus-equivalent, i.e.,

(20) 19f1 —79f2 S Sl(|D‘,1/}D)
<= x(fi)=x(f2), Vx €CUD)*[2] < f;'f2€CID).
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(b) For any f € QQp we have that

9D w
@) F(zf):=5— Y ) =72 D x(H(z) € OF.
D ¢ caip)? D\ ecpy2)

Thus, F(z, f) € ©% is the Eisenstein component of ¥4 (2), and 94 (2) — F(z, f) € ©%
is its cuspidal component.

Proof. (a) By (8) we have

O =05 =2 S w(oRe(x(1) — x(2)dy,

wp =,
x€eCI(D)

and so it follows from Remark 17(a) that
Vs, = V5, € S1(ID],¥p) <= Re(x(f1) — x(f2)) = 0,Vx € CI(D)"[2]
= x(f1) = x(f2),Vx € CI(D)"[2]

because all x € CI(D)*[2] are real-valued. This proves the first equivalence of (20) and
hence also (20) because the second equivalence is obvious.

(b) By (8) we have that
Flzf) =52 37 elf0ix(2)
D yec(D)*
with
X2 ify2 =1
of)= Y XU = x) Y xh)= { gy X7 =1,
f1eCI(D)? fLECI(D)? 0 otherwise

where the last identity follows from a suitable orthogonality relation and the fact that
|ICI(D)?| = Z—g. From this the asserted identity (21) follows immediately.

By (21) and Theorem 14 it is clear that F'(z, f) € @g. Moreover, by (8) and (21)
we have that

D7(2) = Pz ) = 22 3 X9 (2) € 0D,
P A

the latter by Theorem 14 again. This proves the last assertion. g

Remark 19. The Fourier coefficients a,,(F(z, f)) of the Eisenstein series F'(z, f)
are easily determined, at least when (n, D) = 1. Indeed, we have

22) an(F(z f) = P70 e(f,m)# (D)

where £(f,n) = 1if n = f(z,y) (mod |D
otherwise. To see this, note first that

(P ) =22 3 x(Hany)

X€CI(D)*[2]

), for some x,y € Z, and e(f,n) = 0
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by (21). Thus a,(F(z, f)) = 0 = e(f,n), if Id,(Or) = 0 (cf. (9)), so assume that
Ja, € 1d,(Ok). If f, € Qpissuchthat \p(f,) = ¢p(ay), then there exist x,y € Z
such that f(z,y) = n. Now for any x € CI(D)*[2] we have by (16) that

an(x) = X(an)#1dn(Ox) = X(fn)#1dn(Ok) ,
so we obtain that

an(F(z ) = 3o#1dn(OK) > X(Ffa).

XECI(D)*[2]

By an orthogonality relation we have that } .., x(ffn) = |CI(D)*[2]| = gp if
f fn € CI(D)? and equals 0 otherwise. By genus theory (cf. [6], §3.B), this means that
this sum equals gpe(f,n), and so (22) follows.

As another application of the above results we compute the trace tr(T,|V') of the
Hecke operator 7, on the vector spaces V = G)lE) and V = @%.

Corollary 20. If (n, fp) = 1, then the traces of the Hecke operator T,, on the
spaces @g and G)j% are given by

tw(T,|08) = % an(F(z,1p))
(23) )
w(Zx|03) = 5. (ra(1p) — an(F (2, 1p))).

h
w(T,08) = Y an(x) = —2an(F(z,1p)).
X€CI(D)*[2]

This clearly proves the first equation of (23). In order to prove the second equation, put
X ={x €CI(D) : x2 #1}. Then by Remark 17(a) and Theorem 12 we have

0(T109) = 3 an() = 5 D an) = 5 Xm0 — 5 O anly).
X

XE€X x2#1 x?=1

Since the first sum equals Z—g rn(1p) by (8) and since (as above) the second sum equals
2 4 (F (2, 1p)) by (21), the formula (23) follows. O

4. Primitive characters and primitive forms

We now want to study the relation between the theta-series o}, and the modular
form f(z;x) attached to the associated Hecke character y = x o )\Bl o p in more
detail. For this, it is useful to introduce the following terminology.

Definition. If x € CI(D)* is a character on the class group CI(D), then we say
that x is primitive if we have that Ker(7p p/.2) ¢ Ker(x), for all divisors ¢ | fp with
c¢> 1. Here7p p/e= : CI(D) — Cl(D/c?) is the homomorphism induced by the map
TOpD, e Cl(Op) — Cl(Op/2) which is defined in Remark 39 of the Appendix;

in other words, Tp pr = App © T, .0,, © Ap, for D' = D/c?.
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Moreover, the conductor f, of x € CI(D)* is defined by
Ix= gcd(f : f | fpand Ker(7p f24, ) C Ker(X)) )

Thus, if x € CI(D)* is primitive, then clearly f, = fp. Moreover, the converse is also
true, as the following result shows.

Proposition 21. Let x € CI(D)* be a character with conductor f,, and let f | fp.
Then

(24) Ker(Tp, 2q, ) C Ker(x) <= fy | f.

Thus, if D,, := f%dK, then X = Xpr © Tp,p, , for a unique character x,» € Cl(Dy)*,
and Xy 1s primitive.

Proof. From the definition of D, and (49) we have that O Dy, = II f O F2dges where
the product is over all f|fp with Ker(7p r24, ) C Ker(x). It thus follows from Corol-
lary 41 that Ker(7p,p,) C Ker(x), and so the assertion (24) is obvious. Moreover,
since Tp, p, : CI(D) — CI(D,) is surjective (cf. Proposition 38), there is a unique
character x,, on CI(D, ) such that x = X, 0 Tp, D, - Finally, x;, is primitive because
if Ker(7p, p, /c2) C Ker(x,r), for some c|fpy., then

Ker(Tp, (1, /e)2dx) = WE)?DX(KGY(WDX,DX/&)) - WE)?DX(KGY(XW)) = Ker(x),

50 fy|2X by (24) and hence ¢ = 1, i.e., X, is primitive, O

Using the results of the Appendix, we can now compute the Fourier coefficients
an(x) of ¥y in the case that n | f3. This is a key result that will be used in the next
section to determine the local factors of the L-series L(s,y).

Proposition 22. Let x € CI(D)* be a character on Cl(D) with conductor f,, and
put fy = fp/fy- Ifn| f}. then

c[Tpe (1 - %¢D/c2 (p)) ifn = % and c| fy,

0 otherwise.

(25) an(x) =

Proof. If n is not a square, then Id,(Op) = () by Proposition 48, so by (9) we
have that a,,(x) = 0 in this case. Thus, assume that n = ¢?, and put x* = y o )\]_31.
Then it follows from (9) and Proposition 48 that

an(x) = Y, @)= D X

chcKer(wonD/c2 ) aEKer(wDD,g )

Now from (52) and (24) we see that

D/c2

Ker(ro, 0,,.)P(Op) < Ker(x') <= fy | 2 = c| .

D/c2

If this is not the case, i.e., if x* is non-trivial on Ker(7o , o , then this sum equals 0

= D/C2 )
by an orthogonality relation. On the other hand, if ¢ | f,, then from the above discussion

we see that a,(x) = |Ker(7rgD’gD/c2 )| and so the assertion follows by using (54). O
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We now turn our attention to the modular form f(z;x), where, as before, x is
defined by x = x o )\151 o pp. To determine its properties, we need to know the
conductor cond(y) of the Hecke character y; here cond(x) € Id(O) is as defined on
p- 91 of [22]. The following result is due to Hasse[10]:

Theorem 23. The conductor of the Hecke character Y = x o )\Bl o wp is
cond(x) = fyOx .

In particular, x is primitive if and only if  is a primitive Hecke character.

Proof. The first assertion is Satz 2 of Hasse[10], and the second clearly follows
from the first. Il

From the above theorem it follows easily thatif y € C1(D)* is a primitive character,
then f(z; x) is a primitive form in the sense of the following definition.

Definition. A modular form f € My (N,) is called a primitive form if either
f € Sk(N,1) is a normalized newform of some level M|N (so f is a primitive form
in the sense of [22], §4.6) or if f = fi(z;1, 12) is one of the Eisenstein series defined
on p. 178 of [22].

Remark 24. It follows from the theory of newforms (cf. [22], §4.6) and the theory
of Eisenstein forms (cf. [22], §4.7) that each T(V)-eigenspace of My (N, ) contains
a unique primitive form. Thus, there is natural bijection between primitive forms and
T(N)-eigenspaces of My (N, ).

Corollary 25. If x € CI(D)* is a primitive character, then f(z; X) is a primitive
form of level | D|.

Proof. Suppose first that > # 1. Then from the proof of Theorem 14 we know
that Y # x’ o N for all Dirichlet characters ’, and by Theorem 23 we know that  is
a primitive Hecke character. It thus follows from Theorem 4.8.2 of [22] that f(z; ) is
a primitive cusp form (of level | D|).

Now suppose that > = 1. Since ¥ is a primitive Hecke character by Theorem 23
and since f(z; ) is not a cusp form by (the proof of) Theorem 14, it follows from the
last part of the proof of Theorem 4.8.2 of [22] that there exist Dirichlet characters x1, x2
with y1x2 = ¥p such that L(s, f(z; %)) = L(s, x1)L(s, x2). Since the latter equals
L(s, f1(2z;x1, x2)) by [22], Theorem 4.7.1, we conclude that f(z; %) = f1(2;x1, x2),
and hence f(z; x) is primitive of level | D|. O

Remark 26. If x € CI(D)*[2] is a primitive quadratic character, then by combin-
ing the above proof with that of Theorem 14, we obtain the formula

(26)  f(zx) = fi(z;¢Dy,¥D,), where X =v¢p, o Nk =1p, o Nk,

and D = D Dy is a suitable factorization of D into fundamental discriminants. Indeed,
by the proof of Corollary 25 we know that (26) holds for some pair of characters x1, X2,
and the proof of Theorem 14, particularly equations (15) and (16), show that x; = ¥p,
fori = 1,2, where D = DD, is the fundamental factorization associated to .

We can now prove Theorem 3 of the introduction.



518 THE SPACE OF BINARY THETA SERIES

Proof of Theorem 3. (a) This follows immediately from Proposition 21.

(b) Since x,r € CI(Dy)* is primitive by part (a), it follows from Corollary 25 that
f (2 Xpr) € M1(|Dy|,%p, ) is a primitive form of level | D, |. By Theorem 12 and (14)
we know that 9J, is a normalized T (D, )-eigenfunction which has the same eigenval-
ues as f(z; Xpr). Since f(z; Xpr) is primitive of level | D, |, its associated eigenspace in
My(|Dy|,¥p, ) is one-dimensional (cf. [22], Theorems 4.6.12 and 4.7.2) and so

(27) Dr (2) = (2 Xpr)
because both forms are normalized. Thus ©J, . is primitive and L(s,Yp.) = L(5, Xpr)-

Now by Theorem 12 we know that ¥, is a T(D)-eigenfunction which lies in the
eigenspace defined by the primitive form 4, (2) = f(2; Xpr) because by (14) we have
that 0, ~y,, f(2;X) ~fp f(2 Xpr)- Since D/Dy = (fp/fy)* = f1. it follows from
the description of the T(D)-eigenspaces of M (|D|, 1 p) given in Corollary 4.6.20 and
(implicitly) in Theorem 4.7.2 of [22], that there exist constants ¢, () € C with n | fi
such that (2) holds. Thus, if we put ¢, (x) = 0 when n { f2, then we have

(28) am(x) = Z n(X) @m/n(Xpr) ch Amn(Xpr), forallm > 1,
nlm

and so it follows that L(s, Jy) = (3,51 cn(X)n %) L(s,Vy,, ); cf. [11], Theorem 284.

Thus (3) holds. Moreover, it follows that n — ¢, (%) is multiplicative because both

L(s,9y) and L(s,,, ) have Euler products by Theorem 12, and hence so does

o) L(s,0y) - L(s,Yy)
(29) C(s,x) = ; T I 0] = Ll )

This means that n — ¢, () is multiplicative.

Finally, we note that it follows from (29) that all the ¢, () are real because the
Fourier coefficients a,,(x) and a,(x,) are real; cf. (7). O

5. The Dirichlet series C (s, x)

In the previous section we had seen that each theta-series ¥, can be expressed as
a linear combination of “shifted” modular forms f(nz; Xpr) = ¥y, (nz) associated
to the primitive Hecke character X,,; cf. Theorem 3. We now want to obtain precise
formulae for the coefficients ¢, () of this linear combination. We thus study the (finite)
Dirichlet series C'(s, x) of equation (29) in more detail.

As in Hardy and Wright [11], §17.4, we let F},(s) denote the p-Euler factor of a
Dirichlet series F'(s) at the prime p, i.e.,

s) = Zapkp_ks, if F(s Zann 5,
k>0 n>1

The following proposition gives the relation between the p-Euler factors C) (s, x) and
L,(s, x) of the Dirichlet series C'(s, x) and L(s, x) := L(s,9y).
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Proposition 27. If y € CI(D)*, then for any prime p we have that
(30) Cp(5,X) = Lp(s,X) (L = ap(xpr)p™* + ¥, (D)™ ).

Proof. By taking m = p* (for k > 0) in (28) we see that
LP(57 X) = Cp(sv X)Lp(sv Xpr)v

and so (30) follows because

_ g\ —1
31) Lp(s,xpr) = (1= ap(xpr)p™* + ¢, (P)p™ ).

Indeed, since ¥y, = f(2;Xpr) is a primitive form of level |D,| by Theorem 3(b),
equation (31) follows from Corollary 4.6.22 and (4.7.16) of [22]. O

We are now ready to determine C'(s, x) explicitly.

Theorem 28. Let x € CI(D)* be a character on C1(D) of conductor f,|fp, and
let xpr € CI(Dy) be the associated primitive character on C1(Dy), where Dy, = f2dg.
Then

(32) 0(57 X) = H Cp(37 X)a
P\fx
where fx = fp/fy. Moreover, if p | fx and if p|| fx is the highest power of p dividing
fx- then
1— p(1—25)ép

(33) Cp(s,x) = o plos

(1 — ap(Xpr)p~* + ¥, (p)p’25>

+ (1= oo, @) o020
p X ’
in other words, we have for k > 1 that
—ap(xpr)p* 12 ifk =1 (mod 2) and k < 2€p,
34 5 P2 4+ pk2=1yp (p) ifk =0 (mod 2) and k < 28y,
Cok\X) = B
’ pr if k = 2ep,

0 ifk > 2¢,.

\

Proof. The first assertion (32) follows immediately from the multiplicativity of the
¢n(Xx)’s; cf. Theorem 3(b). To prove (33), we first observe that if 0 < k& < 2e,, then we
obtain from (25) that

0 if k =1 (mod 2),
35)  au(y) = P if k = 0(mod 2) and k < 2¢,,
o (1 - %1/1Dx(p)) if k = 2e,.

Indeed, if k is odd, then this is clear, so assume that k is even. Then (25) yields that
ayk(X) = pk/Q(l — %'(,ZJD/pk (p)). Now if k < 2ép, then p | 1% because p?®» | D. Thus
Yp/pr(p) = 0, and hence (35) holds in this case. On the other hand, if k& = 2¢,, then
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1% = D, f%, where f; = f,p~°. Since (f1,p) = 1, we have that Yppr(P) = ¥y,
and so (35) holds in all cases.

Note that by using the identity

ep—1

1— (pX?)er
k v2

X =
Z p 1—pX?2
k=0

we can re-write (35) in the form
2,

1— (pX?%)%
(36) Zapk(X)Xk - L
k=0

o (1 pen ) (0X)”

Thus, viewing (30) as an identity of power series in X = p~?, it follows from (30)
and (36) that

1— (pX?)%

CP(S7X) = 1 —pX2

(1= ap(xpr) X + ¥, () X?)
+ (1= 2un, () (X3 (mod X2HY),

Now since Cp(s,x) is a polynomial of degree < 2¢, (because c,x(x) = 0 by
definition when £ > 2€,,), and since the same is true for the right hand side, it follows
that these two polynomials are equal, and so (33) follows (by replacing X by p~%).
The last assertion (34) follows immediately from (33) by comparing the coefficients in

X =p 5. O
Corollary 29. In the situation of Theorem 28 we have that
(37) cp(x) = fr.

Thus, 9, has exactlevel |D|, and C(s, x) = 1 if and only if x is primitive. In particular,
¥ is a primitive form if and only if x is a primitive character.

Proof. Since f, = Hp| 7 p® and ¢, () is multiplicative, we have by (34) that

cp(x) = [[epa(a) = [1p7 = Ao

plf; X plf: X
which proves (37). From this and (2) it follows that 1J,, has exact level |D|.

If x is primitive, ie., if f, = 1, then clearly C(s,x) = 1 by definition (cf. (3)).
Conversely, if C(s,x) = 1, i.e., if c,(x) = 0 for all n. > 1, then (37) forces that
fx = 1, which means that x is primitive.

To prove the last assertion, recall first that if x = X, is a primitive character, then
¥y is a primitive form by Theorem 3(b). Conversely, suppose that ¥, is a primitive
form. Then 9, = ¥, because both are in the same T (D)-eigenspace of M1 (|D|, v p),
and so C'(s,x) = L(s,x)/L(s, xpr) = L(s,9y)/L(s,Vy,,) = 1, which means that
is primitive. g
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Remark 30. (a) It follows from equations (8) and (3) that if f € Qp, then its
(Epstein) zeta-function Z ¢ (s) of Remark 6(b) can be written as a sum of the L-functions
L(s,x) := L(s, ") and the Hecke L-functions L(s, xpr) = L(s, Xpr) in the following
way:

wp — wp —
X

ho YECI(D)*

this generalizes the well-known relation (cf. [7]) for Zy when D = dj, is a fundamental
discriminant. However, the above relation and Corollary 29 show that if D # df is
not a fundamental discriminant, then Z is never a linear combination of the associated
Hecke L-functions because in that case the factor C'(s, 1) is not a constant since the
trivial character x = 1 is not primitive; cf. Example 35 below.

(b) Similarly (and equivalently), by combining (8) with (2), we obtain in view of
(32) and (35) the following explicit expression of the theta series ¥/ in terms of the
(extended) Atkin-Lehner basis:

(9 g =37 D XUix(E) = 52 DX 3 Oy (n2).
X

x€C(D)* n|f,
As was mentioned in the introduction, Theorem 28 yields immediately a formula
for the L-function L(s, x) = L(s, V).

Corollary 31. If x € CI(D)*, then the L-function L(s, ) of ¥, has the Euler
product

(40) L(s,x) = [[Lo(s:%)

where for p { f, the p-Euler factor L(s, x) is

@ Lifs) = (1= a00p™ +vo@p ™)

-1
= (1= a0 p™ +¥n, ™)
whereas for p | f, it is given by

1 _p(1—25)é,, ( _ %wDX (p))p(l—Qs)ép

42) L,(s,x) = .
(3:X) 1—pl=2 1 — ap(Xpr)P~* + YD, (p)p~2°

Proof. Since the a,,(x)’s are multiplicative (cf. Theorem 12), it follows that L(s, x)
has an Euler product (40). Since Cp(s,x) = 1 when p { fx, it follows from (3) that
Ly(8,X) = Lp(s, Xpr), s0 in particular a,(x) = a,(x,r). Moreover, since D = D, f2,
we see that {)p(p) = ¥p, (p), so the second equality of (41) holds, and hence the first
equality follows from (31).

The formula (42) follows immediately from (30) and (33). O
Remark 32. (a) The above Corollary 31 shows that the second identity of the

equation on the bottom of p. 280 of Lang [21] is incorrect when x is not a primitive
character.
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(b) An alternate way of writing formula (42) is follows: if p°r|| fx, then

0 if k =1 (mod 2) and k < 2¢),
a(x) =< P/* if k = 0(mod 2) and k < 2é,,

per (1 - %zppx (p)) a2, (Xpr) if k > 28p.

(c) Corollary 31 can be viewed as a partial generalization of some of the main
results of the articles of Sun and Williams [30, 31]. Indeed, for a negative discriminant
D < 0, the function F'(A,n) of [30] is essentially the same as the function a,,(x)
above. More precisely, if we put y4(K) = e2™KAl where [K, A] (which depends on
a choice of a “basis” of CI(D)) is as defined on p. 143 of [30], then a comparison of
formula (6) with the formula for F'(A,n) on p. 144 of [30] shows that

an(xa) = F(A,n), VAeCl(D), n>1.

In particular, Corollary 31 generalizes Theorem 5.3 of [31] (for D < 0) to the non-
cyclic case, and gives a succinct general formula for it (and also for the many special
cases discussed in §8 of [30]). In addition, Corollary 31 generalizes (for D < 0)
Theorem 4.3 of [30] because a,(xp,0) = N(n,D)/w(D) in the notation of Example
35(b) and that of [30].

As another application of Theorem 28, we determine when ¥, is an eigenfunction
under the full Hecke algebra T|p| = (T, : n > 1) of level | D|.

Corollary 33. If xy € CI(D)*, then ¥, is a T|p|-eigenfunction if and only if X is
primitive.

Proof. If x = X, is primitive, then by (31) the L-function of 1}, has the Euler
product

(43) L(s,x) = [I <1 — a0 + wp(p)p‘%)_1

P
Thus, by a theorem of Hecke (cf. [22], Theorem 4.5.16), it follows that 1, is a T| D‘—ei—
genfunction.

Conversely, suppose that o is a T|p|-eigenfunction. Then by Hecke’s Theorem
again, we know that its L-function L(s, x) has an Euler product (43). If  is not prim-
itive, then fx = fp/fy > 1, so there exists a prime p | fx- Then by (35) we know
that a,(x) = 0, so the p-Euler factor of ¥, is trivial, i.e., L,(s,x) = 1. (Recall that

p| f| D.) Thus by (30) we see that Cp(s,x) = 1 — ap(xpr)p ' + Yp, (p)p~%, ie.,
that

cp(X) = —ap(x), c¢p(x) = ¥p,(p) and Cpk(X) = 0, Vk > 2.
Comparing this to (34) shows that €, < 1. But if e, = 1, then by (34)
cp2(x) = p # ¥p,(p),

a contradiction. Thus fx = 1, and hence Y is primitive. (|
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The above corollary allows us to determine when the spaces © p, @g and @% are
T|pj-modules.

Proposition 34. (a) The space ©p is a T p|-module if and only if its Eisenstein
space @g is a T p|-module if and only if D is a fundamental discriminant.

(b) The space @S[’, of cusp forms is a T p|-module if and only if every proper
discriminental divisor D' of D idoneal, i.e., if and only if D satisfies the following
condition:

(44)  gpp2 = hpype, forall primes p such that p? | D and D /p? = 0,1 (mod 4).

Proof. (a) If D is a fundamental discriminant, then every x € CI(D)* is primitive,
and hence by Corollary 33 (and Proposition 9) ©p has a basis consisting of T|p)-
eigenforms and hence is a T| p|-module.

Next, suppose that ©p is a T|pj-module. Then we have:
(45) ¥y is a T|p|-eigenfunction, Vx € CI(D)*.

To see this, note first f := o, is a T(D)-eigenfunction by Theorem 12. Consider n > 1
and put f,, := f|T,,. By hypothesis, f,, € ©p. Since T,, commutes with the operators
in T(D), f, is the same T(D)-eigenspace as f. By multiplicity 1 (cf. Theorem 1), it
follows that f,, = ¢, f, for some ¢, € C. Thus f = 9, is a T|p|-eigenfunction, as
claimed.

Thus, if ©p is a T| p|-eigenspace, then it follows from (45) that ek = ZX2:1 Coy
is also a T p|-eigenspace.

Now assume that @g is a T| p|-eigenspace. Then the above proof of (45) yields that
for each quadratic x;, the series ¥ is a T|p|-eigenfunction, and hence by Corollary 33
we obtain that all quadratic characters are primitive. In particular, the trivial character
x = 1 is primitive, which can happen only when D is fundamental; cf. Example 35
below.

(b) By the same argument as in part (a) we see that @% is a T| p|-module if and only
if every non-quadratic x € CI(D)* is primitive. But this means that for each prime p
as in (44) we have that C1(D/p?)* has only quadratic characters, and so Cl(D/p?) is
an elementary abelian 2-group, that is to say, gp/,2 = hp/p2. Thus (44) holds (and
conversely). 0

We now illustrate the main results of this paper by working out some special cases.
The first example examines ¥, when y = 1 € CI(D)* is the trivial character.

Example 35. (a) If D = dg < 0 is a fundamental discriminant, then the theta
function of associated to the trivial character x4, 0 = 1 € Cl(dg)* is

Uk (z) = ﬂde,o(Z) = fi(z;1,v¢q,) with L(s,9x) = ¢(s)L(s, ¢, ) = Ck(s);

i.e., its associated L-function is just the Dedekind (-function of K = Q(v/D). In
particular, the T,-eigenvalue of Vi is ap(Vx) = 1 + <d7K), for all primes p.
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O IfD =dg f% is any negative discriminant, then the trivial character xpo = 1
on CI(D) has conductor f,, , = 1, and its associated primitive character is
(XD,O);DT = Xdg,0 = le Cl(dK)*
Thus, by (2), (3) and part (a) we have that
ﬁXD,O () = Z Cn(XD,U)ﬁK(nZ) and  L(s, ﬁXD,O) = C(s, XDQ)CK(S)a
n|fp

where the coefficients ¢, (xp,) of the finite Dirichlet series C(s, xpo) are given ex-
plicitly by Theorem 28.

We thus obtain an expression for a,, (xo,p) = #Id,(Op) for all n > 1. In particu-
lar, the formula of Remark 32(b) complements the expression obtained in the Appendix
(cf. Proposition 48). Thus, if p°»|| fp, then we have

#ka(OD) = p% (1 - %de(pD #ka—er (Ok)
k—2ey

= 7 (1= 20ac®) Y v ),
1=0

if k > 2e,. (For k < 2e;, we have that #1,,»(Op) = 0 and that #1,»(Op) = pk/2, for
k odd and even, respectively, as can also be deduced from the Appendix §6.2.)
We now illustrate what happens when the class number A p is small.

Example 36. (a) hp = 1. In this case CI(D) = {1p} and CI(D)* = {xpo }-
Thus, by (6) we have that 1, = wp?y po- If D = d is a fundamental discriminant
(ie.,if —D = 3,4,7,8,11,19, 43,67, 163), then we have by Example 35(a) that

19XD,0 = 19[( and L(S,XDQ) = CK(S)

In the remaining cases (i.e., —D = 12,16, 27, 28) this formula is no longer true. In-
deed, since f = fp € {2,3} is here a prime, we obtain from Theorem 28 that

—s —2s d
C(s,xpo) = 1—apf + f172% where ap := ar(Xag0) =1+ (?) 7

(i.e.,ap = 0,1,1, 2, respectively), and so
Oxpo(2) = Uk (2) — apVk(fz) + fOK(f*2),
L(s,0xpo) = (1 —apf™* + f172)Ck (s).
(b) hp=2. Here CI(D)={1p, cl(f) } and CI(D)*={ xp,0, x }- Since D < —4,
we have that wp = 2 and hence it follows from (6) that
Uxpo = %(191]3 +9¢) and 9, = %(191]3 —¢).

Since gp = hp = 2, we know by genus theory that D = D1 Dyc?, where D; < 0 and
Dy > 0 are fundamental discriminants (with (D, Dy) = 1) and ¢ > 1, and that the
associated Hecke character x satisfies x(p) = ¢p,(Nk(p)), fori = 1,2 and p 1 D.
Thus, f,, = D1D2 and fx = ¢, and

ﬁXpr(z) = fl(z;wDutz) and L(S719Xpr) = L(S7wD1)L(37wD2)'
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In particular, the 7},-eigenvalue of ¥, is a,(x) = (%) + (%), for p 1 D. Note that

if x is primitive, i.e., if ¢ = 1, then ¥, = 19Xp7" If ¢ > 1, then a check of all 29 D’s
with hp = 2 shows that necessarily D = —60, and then 9, is worked out in Example
37(b) below.

(©) hp = 3. Here CI(D) = {1p,cl(f),cl(f)~" } and CUD)* = { xp,0.x, X" }-
Since Re(x(f)) = Re(%) = —1, we have by (7) that

9 = %(19113 +29f) and Yy =0,1 = %(1915, —Jy).

By Remark 17(a) we know that ©F = C9, p,o and that 0% = C4,; in particular, 9, is
a cusp form and a T(D)-eigenfunction; cf. Theorem 1. Moreover, Corollary 29 shows
that ¥, is a newform of level | D| if and only if  is primitive, i.e., if and only there is no
¢ > 1suchthat hp /2 = 3. This condition holds for 23 of the cases with hp = 3 (i.e.,
for —D = 23, 31, 44, 59, 76, 83, 92, 107, 108, 124, 139, 172, 211, 243, 268, 283,
307, 331, 379, 499, 547, 643, 652, 883, 907) but fails for the two cases

—D=92=22.23 and —-D =124=2%.31.

XD,0

We complement the above discussion by working out two numerical examples.
Example 37. (a) D = —23.

Here C1(D) = {[1,1,6],[2,1,3],[2,—1,3] }, where [a, b, ¢|] denotes the equivalence
class of the form ax? 4 bxy + cy?, and so hp = 3. Since D is a fundamental discrimi-
nant, we have by Examples 35(a) and 36(c) that ¥, , , = 9k = fi(-;1,%-23) and ¥y,
are primitive forms of level 23, and that ¥, is a cusp form. (In fact, N = |D| = 23 is
the smallest level for which @% # {0}.) Moreover,

Uxpo =V = 591 +20p13) and Iy = 3(0p16 — I219),
and from this (or from (8)) we obtain that

e =30k +20y) and g = 3(x — Uy).

(b) D = —60 = —15 - 22.

Here CI(D) = {[1,0,15],[3,0,5] }, so hp = 2 and CI(D)* = {xp,,Xx}. Since
hay = h—15 = 2, we see that f,, , = fy = 1 and so both xp o and x are imprimitive
with fx Do = fx = 2. The theta-functions of the associated primitive characters are
Vg = fl( - 1, w_15> and ﬁxpr = fl( -3_3, ¢5), respectively. Since

o010 () 22wt = ()4 (2) =

it follows from Theorem 28 that
C(s,xpo)=1—-2-27°42.272
and that
C(s,X) =1+2-27542.27%,
Thus,
Uypo(2) = Uk (2) — 20K(22) + 20k (42)
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and
Uy (2) = Uy, (2) + 20y, (22) + 20, (42),
and the associated L-functions are

L(s,xp,o) = (1 _ol=s 21_2S)CK(5) and L(s,x) = (1 4ol=s ¢ 21_25)L(5, XpT),
where L(s, xpr) = L(s,%—3)L(s,s).

6. Appendix: Ideals of quadratic orders

The purpose of this appendix is to collect some well-known results about ideals in
an order O p of an imaginary quadratic field K, and to extend these to obtain the results
which were used in this article.

6.1. Lattices in an imaginary quadratic field

Let K = Q(v/dg) be an imaginary quadratic field of discriminant dx < 0, and
let O = Z + wiZ denote its ring of integers, where wx = %(dK + /df). For any
f>1,put D = f2dg and

Op =72+ fwukZ = 7+ wpZ, WherewD:%(D—i—\/f)).

It is immediate that Op is a subring of O of index fo, = [Ox : Op] = f. The
ring O p is called the order of discriminant D (or of conductor f), and it is well-known
that every subring R of O with quotient field K is of this form, i.e., R = Op with
D = f}%d K, where fr = [Ok : R]. (For such and other basic facts about orders see
[34], §90-113, [3], §11.7, [21], §8.1, [6], §IL.7.)

Let Lat(K) denote the set of all lattices in K, i.e., the set of all finitely generated
Z-submodules of K which contain some (Q-basis of K.

If L € Lat(K) is a lattice, then its associated orderis O(L) = {A € K : AL C L}.
It is easy to see that O (L) is an order of K, i.e., O(L) = Op, for some D = f2d.

The norm of the lattice L is by defined by N (L) = | det(7T’)|, where T' € GL2(Q)
is such that T(O(L)) = L; cf. [3], §11.6. Note that if L C O, then

(46) O : L] = [Ox : O(L)N(L).

If Ly, Ly € Lat(K) are two lattices, then the product (module) L; L2 is again a
lattice. By [3], §11.7, Ex. 6 and 10, its order and norm are given by the formulae

(47) D(Lng) = D(Ll)g(LQ) and N(LlLQ) = N(Ll)N(LQ)

In particular, we see that the set I(Op) = {L € Lat(K) : O(L) = Op } is closed
under multiplication. In fact, (O p) is a group with unit element O p: it can be iden-
tified with the group of invertible O p-submodules of K; cf. Lang [21], p. 91. Thus, if
P(©Op) = {AOp : A € K*} denotes the subgroup of principal O p-modules, then
the quotient
Cl(Op) = Pic(Op) = I(Op)/P(Op)

is called the class group (or Picard group) of the order O p, and its cardinality (or group
order) hp := |[CI(Op)| is called the class number of Op.
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If O p, are two orders of K with discriminants D; = f1277-, dx, then
(48) Op, D Op, ifandonlyif fp, | fp,,
and hence
49 Op, N Op, = chm(fnl,fp2)2dz< and  Op,Op, = Dgcd(fD1 fDy)?drc

Proposition 38. If R and R’ are two orders of K with R C R/, then the rule
L — LR’ defines a surjective homomorphism wg g : I(R) — I(R') with kernel

(50) Ker(tgpp) = {L€I(R): LC R and[R : L]=[R : R] }.

Proof. If L € I(R), then by (47) we have
O(LR") =9O(L)O(R') = RR' = R/,

so LR’ € I(R’). Thus, the rule L +— LR’ definesamap 7 = mp g : I(R) — I(R').
Moreover, 7 is a homomorphism because

7T(L1)7T(L2) = LlR/LgR/ = L1L2R,R/ = L1L2R, = 7T(L1L2) .

To prove (50), let L € Ker(r). Then LR’ = R’. Since R’ is an order, we have that
N(R)=[O(R):R]=[R:R]=1,
and so by (47) we obtain that
N(L) = N(L)N(R') = N(LR') = N(R') = 1.
Thus, since O(L) = R, we see that
[R':R=[R :RIN(L)=[R :R|[R: L]=[R : L.
Moreover, since L = L -1 C LR’ = R’ it follows that L C R/, and hence
LeK:={Lel(R):LCRand[R:L=[R:R}.

Conversely, if L € K, then
N(L)=[R:L]=[R:L]/[R : R =1,

and hence

N(LR) = N(L)N(R')=1-1= 1.
Now since

O(LR) = O(L)O(R) = RR' = R,
we have that 1 = N(LR') = [R' : LR']. Butsince L C R/, we have LR’ C R’ and so
this forces LR’ = R'. Thus L € Ker(r), which proves (50).

It remains to show that 7 is surjective. Let L’ € I(R’). Then by [21], Theorem 5
(p. 93), there exists A € K™ such that \L' + fR’ = R/, where f = [Ok : R]. We then
have that L := AL/ N R € I(R) and that LR’ = AL’ by applying [21], Theorem 4 (p.
92), to R’ and R. (See also Proposition 48 below.) Thus 7(A~1L) = (A\"'L)R' = L,
and so 7 is surjective. g
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Remark 39. Since 7 p/(AR) = AR/, forall A\ € K*, itis clear that 7 s induces
a surjective homomorphism

(51) Trr :Cl(R) =I1(R)/P(R) — CI(R)=I(R)/P(R).
Moreover, it is immediate that
(52) Ker(Tr r) = Ker(rg r)P(R)/P(R)

because if LP(R) € Ker(Tg p/), then L = AR/, for some A € K, and then
LP(R) = (A" 'L)(AR)P(R) € Ker(ngr r)P(R)/P(R),
so (52) follows.

The following result, which gives the order and a presentation of Ker(7p /), can
be viewed as a refinement of the well-known results which give a presentation and
the order of Ker(ﬁﬁ r'); cf. Lang [21], p. 95 and Cox [6], p. 147. Note that while the
formula for |Ker(Tg g/)| involves the unit index [R* : (R’)*], this is not the case for
that of |Ker(7r r/)|; cf. (54).

Corollary 40. In the above situation put f = [R' : R]. Then the map defined by
the rule A — L)y := Z\ + f R’ induces the exact sequence

(53) 0 — (Z/FZ)* — (R/FR)* S Ker(npp) — 0.

Thus, if D’ denotes the discriminant of R' = Ops and if g/ (p) = (%) denotes the
associated Legendre-Kronecker symbol, then

(54) Ker(mr)| = F]] (1—;1@@)),
plf

Proof. First note that if A\ € R’, then L,/fR' < R'/fR'is the cyclic subgroup
generated by A = \ + fR/, and hence L) = Ly depends only on \. Moreover,
since \fR' = fR,if A\ € (R'/fR')*, it is clear that LyLy = Lyy, and so the rule
A+ Ly defines a homomorphism Ly 7 (R'/fR')* — Lat(K). Next we show that
Im(Lp 7) C Ker(mg ). For this, note first that L is clearly an R-module because
R = Z + fR'. Moreover, since A\ = 1 (mod fR'), for some X' € R/, we see that
LyLy = L1 = R,and so Ly € I(R). In addition, LyR' = R’ because L\R’ is an
R'-ideal which contains 1, and so Ly € Ker(mpg /).

To show that Ly, 7 is surjective, let L € Ker(mr ). Then by (50) we know that
L C R andthat[R': L] = f,s0 L O fR' and
TR P
L:fR]= [7 ===1F.
Since LR’ = R/, we see that L ¢ pR/, for any prime p|f, and hence L/ fR' is cyclic,
ie, L =7\ + fR forsome A € R'. Since |L/fR'| = f, this means that A has order
finR'/fR' ~7Z/fZ x 7] fZ. Then A = a + bfwps with a,b € Z and (a, b, f) = 1,
where D' is the discriminant of R’ = O/, and so it follows easily that A € (R'/fR')*.
Thus L = Ly = Lp, 7()), and hence Ly, 5 is surjective.
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Next we observe that A € Ker(Lp 7) < Ly = R=Z+ fR' < A =n+ fR,
for some n € Z with (n, f) = 1. Thus, since the map Z/fZ — R'/fR' is injective, it
follows that the sequence (53) is exact.

It remains to verify (54). Applying (53) with R’ = O (and hence f=7f:=/fr
yields that

’Ker(ﬂ—R,D}(N - (b(ZDK fH< wDK )) )

where the second formula is deduced as in Lang [21], p. 95. (Here, as in Lang [21],
d(fOk) = |(Ok/fOK)*|.) From this (and the surjectivity of mp /) it follows that
for any R’ O R we have

[Ker(mr,0,)]
[Ker(mrr 0, )|

= f H <1—;¢dK(P))

PlfRaMfR/
= 711 <1 - 1¢R'(p)> : O
plf P

Corollary 41. If R C Ry N Ry and R3 = R Ro, then

Ker(rpr)| =

Ker(mr r,) = Ker(mgr R, ) - Ker(mr r,) and Ker(7g r,) = Ker(Tr R, ) - Ker(Tr Rr,).

Proof. By (52) it is enough to prove the first assertion. Moreover, since
-1 .
Ker(mr Rr,) = T g AR, (Ker(Tr nRy k), fori=1,2,3,

it suffices to verify the formula for R = R; N Ray. For this, write

=[Ok :R], fi=[Ok:Rj] and fi:j::

i

[R; : R), fori=1,2,3.
Then by (49) we have that f3 = (fi1, f2). Since R = R; N Rg, we have that f = %
by (49), so f3 = fifo and (f1, f2) = 1. It thus follows from (54) that

|Ker(mg,r;)| = [Ker(mr,r,)| - [Ker(7r, g, )| -

Thus, the assertion follows once we have shown that Ker(7g g, ) "Ker(7r r,) = {R}.
Now if L € Ker(7wg g, ) N Ker(7wg r,), then L C Ry N Ry = R. But since

[R:L]=N(L)=1
(the latter because LR; = R;), it follows that L. = R, and hence
Ker(wRﬁl) N KCI'(WRVRQ) = {R},

as claimed. O
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6.2. The ideal theory of O,

We now study the ideals of the order R = O p C K more closely. For this, we shall
use the following general result which is applicable here because O p is a noetherian
domain of (Krull) dimension 1; cf. Neukirch [23], p. 77.

Proposition 42. Let A be a noetherian domain of dimension 1, and let a C A be
a non-zero ideal of A. If m € max(A) is any maximal ideal of A with a C m, then
a(m) := aAy N A is an m-primary ideal of A. In particular, if |[A/m| < oo, then
|A/a(m)| = |A/m|®, for some integer s = sm(a) > 1. Moreover, we have

(55) a= ﬂa(m) = Ha(m).

m

Thus a is an invertible ideal if and only a(m) is invertible for all maximal ideals m.

Proof. Since A, is a local 1-dimensional noetherian domain, every proper ideal of
Ap is primary, and hence a(m) is primary ideal of A with radical m. This proves the
first assertion. From this the second assertion is an immediate consequence because by
[4], p. 265, we know that the A-module M = A/a(m) has a composition series { M, }
with M; /M;1 ~ A/m, and so the assertion follows (with s = length(M)).

The first identity of (55) is true in any domain; cf. [4], p. 89. Next, if m and m’ are
two distinct maximal ideals of A, then a(m) ¢ m’ and hence a(m)A,y = A,. Thus,
if we put @’ =[] a(m), then ' Ay, = a(m) Ay = aAy, for every m € max(A), and so
a’ = a, which proves the second equality of (55).

Finally, if a(m) is invertible for all m € max(A), then a is invertible by (55).
Conversely, suppose that a is invertible and fix m € max(A) with m D a. Then
a(m)Ay, = aAy, is principal, and for every m’ # m we have a(m)A,s = Ay. Thus
a(m) is locally principal and hence invertible; cf. [4], p. 117. d

Notation. Let Id(R) = {L € I(R) : L C R} denote the set of invertible R-ideals.
Moreover, for any integer n > 1, let Id,,(R) = {a € Id(R) : N(a) = n } denote the
set of invertible R-ideals of norm n, and let Id(R,n) = {a € Id(R) : (N(a),n) =1}
denote the set of invertible R-ideals whose norm is relatively prime to n.

Corollary 43. Let a € Id(R) be an invertible R-ideal, and m € max(R) be a
maximal ideal, where R = Op. Then a(m) € Id(R) is also invertible and has norm
N(a(m)) = p°, for some s, where p | m, i.e., p is the unique prime number with p € m.
Furthermore,

a= H a(m) andhence N(a)= HN(a(m)).

In particular, if m € supp(a) := {m € max(R):a Cm}, andp|m, thenp| N(a).

Proof. If m € max(R), then R/m is a finite field of characteristic p, where p € m.
Thus, since R is a 1-dimensional noetherian ring and since N (a) = [R : a], whenever
a € Id(R), the corollary follows immediately from Proposition 42 (together with (47)).

O

We now want to study the set Id,(R) of invertible ideals of norm n of R more
closely. First we note:
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Proposition 44. If (m,n) = 1, then the map (a, b) — ab induces a bijection
Idm(R) x Idy(R) = Idmn(R) .

Proof. If (a,b) € Id,,(R) x Id,(R), then ab € Id,,,(R) by (47). Suppose now
that ¢ € Id,,,(R), and put, for an integer k,

suppy,(¢) := supp(c + kR) = {m € supp(c) : p|m = p |k}
and ¢, = Hmesuppk( ¢ @(m). Then by Corollary 43 we have
supp(¢) = supp(c)m U supp(c)n,
and so ¢ = ¢,,,¢,,. Since
(N(em),n) = (N(en),m) =1,
we see that (¢, ¢,) € Id,(R) % Id,(R), and so the map is surjective. It is injective

because ¢ is uniquely determined by its local components ¢(m). g

Thus, by the above result, it is enough to study the sets Id,,(R) for prime powers
n = p”. If p is prime to the conductor fr of R, i.e.,if p{ fr =[Ok : R], then Id,(R)
is essentially the same as Id,, (D), as the next (well-known) result shows.

Proposition 45. The rule a — a N R induces an injection
or: I1d(Ok, fr) — Id(R)
with image Id(R, fr), and we have that

(56) or(Id,(Ok)) = Id,(R), foralln>1, (n,fr)=1.

Thus

(57) #1dy(R) = #Id,(Ok) = > W, (d), if(n, fr) = 1.
din

Proof. The first assertion follows from [21], Theorem 4 (p. 92). Moreover, since
that theorem also asserts that pr(a)Ox = a, if a € Id(Ok, fr), it follows from (47)
that N(¢gr(a)) = N(¢r(a))N(Og) = N(a). Thus (56) holds, and hence the first
equality of (57) follows. The second equality of (57) is well-known; cf. Weber [34],
p. 345. O

We now turn to study the ideals of R = D p with norm dividing the conductor
fr = fp. Here we first prove the following result which is closely related to Theorem
3.1.17 of Schertz [25].

Proposition 46. Ifp| fp is a prime divisor of the conductor fp = [Ok : Op| of
Op, thenmy, := pOp 2 is the unique maximal ideal of O p containing p. Moreover,
|Op/m,| = p and m,, is an O p-ideal which is not invertible, i.e., m, ¢ Id(Op). In
particular, Id,(Op) = 0.

Proof. Since m, = p(Z + (fp/p)wrZ) = pZ + fpwkZ, it immediately follows
that m, C Op = Z + fpwkZ and that [Op : my] = p. Clearly, m, is a principal
Op /p2-ideal, and hence a fortiori an O p-ideal. Thus, m,, is a maximal ideal of O p and
O(my) = O p/p2, so my, cannot be invertible as an O p-ideal.
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Now suppose that m O pOp is a maximal ideal. Then (by Cohen-Seidenberg)
m= mDD/pz NYOp D pDD/pz NOp = my, and so m = m,,. Thus m,, is the unique
maximal ideal containing p.

Finally, if a € Id,(Op), then [Op : a] = N(a) = p, so a is a maximal ideal
of Op with p € a, and hence a = m,. But m ¢ Id(Op), contradiction. Thus
Id,(Dp) = 0. O

Corollary 47. Suppose that c| fp = [Ok : Op]. Ifa € Id,(Op) and c? | n, then
aOp/e2 = cb, forsome b € Id,, ;2 (Ope2)-

Proof. Suppose first that ¢ = p. Then by Corollary 43 and Proposition 46 we know
that a C m, = pOp /e, and so b’ := aOp/p2 C pOp 2. Thus b := %b’ C Op/pes
and hence b € Id,, /,2(Op/p2) and aOp /2 = pb. Thus the assertion holds for ¢ = p.

To prove the general case, induct on c. Since the assertion is trivial for ¢ = 1, we
may assume that there is a prime ple. Put D' = D/c*, D = D/p? and n = n/p>.
Then, by what was just shown, aOp = pa with a € Id;(Op). Put ¢ = ¢/p. Then
6\% = [Dg : Op] and &%|7, so by induction a pr = ¢b with b € Ids/z2(Op). Thus
aOpr = (pa)Opr = péb = cb, and so the assertion also holds for c. O

As we shall now see, the above results show that when n| f2, there is close connec-
tion between Idy, (O p) and Ker(mo, 0, ,)-

Proposition 48. Suppose that n| fj% = D/dk. If n is not a square, then we have
that Id,,(Op) = 0, whereas for n = c¢*> we have the formula

Id2(Op) = (:Ker(7TDD7DD/C2 ).

Proof. Suppose first that n is not a square, i.e., suppose that there is a prime p such
that p*"*1 || n, for some > 0. If a € Id,(Op), then a, := a(m,) € Idyer+1(Op),
and hence, putting D’ = D/p*", we have by Corollary 47 that a,9p = p"b, for
some b € Id,(Opr). Butsince p|[Og : Op], this contradicts Proposition 46. Thus
Id,(Op) = 0.

Now suppose that n = ¢2, and put D’ = D/c%. If a € Id,(Op), then by Corollary
47 we have that aD py = cb with b € Id;(Opr), i.e., aOp = c¢Opr, and hence a = cL
with L = 1a € Ker(mp,,0,,). Thus Id,(Op) C cKer(mo, 0,,).

Conversely, if L € Ker(mp,,,0,,), then L C Opr (cf. (50)),s0 cL C cOpr C Op,
the latter because ¢ = [Op : Op]. Thus, cL € Id,(Op) because

N(cL) = *N(L) = % = n,

and hence Id,, (O p) = cKer(mp pr), as claimed. O
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