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RESUME. Soit p un premier impair. Un pro-p-groupe G est dit fabuleux si, en
plus d’étre un pro-p-groupe quadratique, GG est aussi doux et fab. Les seuls exemples
connus sont des groupes de Galois de corps de nombres qui sont des p-extensions non
ramifiées en dehors d’un ensemble fini S de premiers de caractéristiques résiduelles
différentes de p. Nous ne connaissons pas un seul exemple d’un pro-p-groupe fabuleux
ayant une présentation explicite. Cet article se veut une tentative pour trouver de tels
exemples.

ABSTRACT. Let p be an odd prime. A pro-p-group G is said to be fabulous if it
is a mild quadratic pro-p-group that is also fab. The only known examples appear as
Galois groups of maximal p-extensions number fields unramified outside a finite set
S of primes with residual characteristics different from p. We do not have a single
example of a fabulous pro-p-group having an explicit presentation. This paper is an
attempt to find such examples.

1. Introduction

Let p be an odd prime. We call a quadratic pro-p-group fabulous if it is fab and
mild. These groups appear often as the Galois group G's(p) of the maximal p-extension
of a number field K that is unramified outside a finite set S of primes with residual
characteristics different from p (the tame case); cf. [6], [14], [9], [10], [12]. They also
appear in the case of restricted ramification and prescribed decomposition in the mixed
case; cf. [16], [15], [11], even for function fields in [8], [12].

In view of the importance of these groups for the Fontaine-Mazur Conjecture, cf.
[2], it would be desirable to have some kind of classification of these groups. However,
up to now, we do not even have an explicit presentation for a single fabulous group.

2. Definitions

Definition 1. A pro-p-group G is said to be fab if H% = H/[H, H] is finite for
every closed subgroup H of GG of finite index or, equivalently, the factors of the derived
series of G are all finite.
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Examples of fab pro-p-groups are finite p-groups or pro-p-groups G that are p-adic
analytic with Lie(G) = [Lie(G),Lie(G)]; for example, an open pro-p-subgroup of
SLy(Zy). The groups Gg(p) are fab for a number field K in the tame case since the
ramification is tame at the primes of S. We do not have a single example of an infinite
non-analytic fab pro-p-group having an explicit presentation.

A fab pro-p-group G is a finitely generated group with minimal number of genera-
tors d = dimp, G/GP[G, G] and minimal number of relators r > d. We have

d=d(G)=dimH(G) and r=r(G)=dim H*(G),
where H'(G) = H(G,Z/p/Z). Since p # 2, the cup product
HY(G) © H'(G) — H¥(G)

yields a linear map

2
¢: \H'(G) — H*(G).

Definition 2. A finitely generated pro-p-group G is said to be quadratic if the linear
map ¢ defined above is surjective.

The group G is quadratic if and only if the dual map
2 2
sty - (Ai@) - Anr

is injective. Let V' = H'(G)* and let L be the Lie algebra which is universal for linear
mappings of V into Lie algebras over F,. If {&;,...,&;} is a basis for V, then L is the
free Lie algebra over Fj, on &1, ..., &g. Then /\2 H'(G)* can be identified with Lo, the
degree 2 component of the graded Lie algebra L.

Let v be the ideal of L generated by the image W of ¢*. Then t/[t, t] is a module
over g = L/t via the adjoint representation. The Lie algebra g = L/t is called the
holonomy Lie algebra of G it is an invariant of G. If U is the enveloping algebra of
g, then M = t/[v,t] is a finitely generated U-module. If M is a free U-module on
the image of one (and hence any) basis {p1, ..., pm} for W, then the Lie algebra g is
said to be mild, in which case the sequence p1, ..., p, is said to be strongly free. If
¢, = dimg, g, the formal power series

P(t) =) cnt"

is called the Poincaré series of the graded algebra g. This Lie algebra is mild if and
only if 1/P(t) = 1 — dt + mt? (cf. [6, Prop 3.2]), in which case m < d?/4 since the
radius of convergence of P(t) is greater than 0 and less than or equal to 1.

Definition 3. A quadratic pro-p-group G is said to be mild if its holonomy Lie
algebra is mild.

Conversely, let p1,..., pmn be a sequence of homogeneous elements of degree 2
in the free [F)-Lie algebra L on &i,...,&, and let v be the ideal of L generated by
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Pl,- -, Pm. In order to construct a quadratic group G whose holonomy Lie algebra is
g, let

pr =Y ikl €]

1<j
with a;;5, € ). Let F be the free pro-p-group on 1, ..., x4 and let R be the normal
subgroup of F' generated by ry, ..., r,, where
d
re =[] 23" [ Llwsr sl u
j=1 i<j

with ag; € Zyp, a;j1, € Zy alift of a;;i, to Z, and uy, € I3, the third term of the lower
p-central series (F},) of F defined by Fy = F, F,,11 = FL[F, F,]. Let £(F) be the
graded Lie algebra associated to the lower p-central series of F'. It is a Lie algebra over
[, [7] where the action of the variable 7 is induced by the p-th power map in F' and the
Lie bracket is induced by the commutator operation. Note that the n-th homogeneous
component £, (F) = F,,/F, 41 is denoted additively.

Since £(F') is the free Lie algebra over Fy,[7] on &1, ..., &g, where &; is the image
of z; in V. = £ = F/FP[F, F|, we can identify the F,-Lie subalgebra of £(F')
generated by 1, . .., g with the free lie algebra L over I, on these elements. We also

have £(F)/nL(F) = L.

Then G = F'/ R has holonomy Lie algebra g. To see this, we use the fact that under
the identification of H?(G)* with R/RP[R, F) via the transpose of the transgression
map associated to the exact sequence

1-R—-F—>G—1,

the image of r; under ¢ is pg; cf. [5, Prop. 3]. This map is bijective since R C F>
implies that the inflation map H'(G) — H'(F) is bijective. Note that G is quadratic if
and only if the sequence py, ..., pp, is linearly independent, in which case m = r(G).
Note also that the group G depends on the parameters w1, . . . , U, but that the holonomy
Lie algebra is the same for all choices of these parameter. We call these groups twists
of the group corresponding to the choice uy = - -+ = u,, = 1.

Proposition 4. If G is mild (in which case G is quadratic), then G is of cohomo-
logical dimension 2 and

S(G) = <£17" . 7£d | 0-17"'70-m>7
with oy, = Zj ay; T + pi. Moreover, G is not p-adic analytic if d > 2 since m < d?/4.

For the first statement, cf. [6, Theorem 4.1], and cf. [13, p. 68, Exercise (c)], for
the second.

There is no general algorithm for determining whether the above finitely presented
pro-p-group G is mild or not. However, we do have sufficient conditions which yield a
rich supply of mild groups; cf. [6, Theorem 3.3]. The following invariant formulation
of these conditions for quadratic groups is due to Alexander Schmidt; cf. [12, Theorem
6.2].

Proposition 5. If H%(G) # 0 and H'(G) = Uy ® U, with the cup-product ¢ trivial
onUs A Us and p(Uy A Us) = H%(G), then G is mild.
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This is equivalent to saying that m > 1 and that the presentation can be chosen so
that the generating set for F’ can be divided into two disjoint sets by a partition A, B of

{1,...,m} with the associated holonomy relators p1, ..., p,, satisfying
pr = aijiléi, &
€A

and, setting
p;’c = Z aijk[é—i’ gj]>
i€A,jeB
we have that p/, ..., p), is a linearly independent sequence. For example, the pro-p-
group
G = (af[z1, 2], 2hlae, 23], wj[ws, 4], 2h[24, 21])

is a mild quadratic non-analytic pro-p-group with d(G) = r(G) = 4 since the associ-
ated holonomy relators

€1, &2, [§2,€5], [€3,€4)s [64, &)
satisfy this with A = {1, 3}, B = {2,4}; here p} = py.

However, an algorithm for mildness exists when d = m = 4; cf. [3]. To state
this algorithm here we will use the quadratic form v — u A u on /\2 V when V is 4-
dimensional so that /\4 V =T, (setting {1 A &2 A {3 A &4 = 1). The associated bilinear
form is b(u,v) = uw Awv. If &,...,& is a basis of V/, then the elements &; A &;, with
1 < j, ordered lexicographically form a basis for /\2 V' and the matrix of b with respect
to this basis is

SO O OO
_ o o oo
O = O OO
SO = OO
OO OO
SO OO

1 000 0O

Proposition 6. Let V' be a 4-dimensional vector space over IF;, and let W be a four
dimensional subspace of/\2 V spanned by p1, ..., ps. Then the sequence p1, ..., p4 IS
strongly free if and only if W+ NW = 0.

This result follows directly from the main result of [3]. Identifying /\2 V with Lo
(so that & A &5 = [&;,&;]), we obtain for example that

p1 = [&,&]+2[&, &)+ [61, &),
p2 = [&,8] +[&2, 8],

ps = 2[&,&] + 2[83, 8],

pr = [€1, 8] +2[€4, &3]

form a strongly free sequence. In [3] it is shown that a mild quadratic algebra

9:<§17--~7§4‘P17---;P4>
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isomorphic to precisely one of the two mild quadratic algebras

g1 = <£17"‘7§4 | [51762]7 [62753]7 [53764]7 [54751]% and
g2 = <£17 s 754 | [51762]7 [62753] + [54761]’ [53754]7 [54752] +g[§17£3]>

with g a non-square. It is said to be of type I (resp. type II) if it is isomorphic to g;
(resp. g2). It is of type I if and only if the quotient g/[g, [g, g]] has an element whose
centralizer is of dimension 5. The relators in our example above are of type 1.

Definition 7. A pro-p-group G is said to be fabulous if it is quadratic, mild and fab.

The only known examples of non-analytic fabulous pro-p-groups are the tame Ga-
lois groups Gg(p). When K = Q and S = {q1,...,qq}, with ¢; = 1 (mod p), we
have the following presentation of Gg(p) due to Koch; cf. [4, Example 11.11]:

Gs(p):<x1,...,xd\r1,...,rd>

with r; = mgi_l[x; Ly Y, where y; = H?Zl :cf.ij (mod F,[F, F). This presentation
is only partially known, but /;;, for i # j, is the residue class modulo p of any integer
satisfying

ij

g =g;” (mod g;)

with g; a fixed primitive root mod ¢;. We have

ri = ]l 2] u

J#i
with u; € F3. Thus the holonomy relators p1, ..., pg are given by
pi =Y lijl&, ¢
J#i

The elements ¢;; are called the linking numbers of the Koch presentation for G's(p).
If p=3and S = {7,13,31,43}, we find
pr = [, 8] +2[61, 8] + [&1, 8],
p2 = [§2,88] + [§2, &dl;
p3 = 2[&,&] 4 2[Es, &l
pr = [§4, ] + 2[4, &)

We have seen that these relators form a strongly free sequence of type I. Hence
G(3) is mild, fab and non-analytic. After the change of basis

Ty X1, X X3, T3 T3, Ty oI5

we find that the pro-3-group G with generators z1, . . ., x4 and relators
23w, 1][x1, a3, 24],
z3[z2, v3][T4, T2),
v3[ws, v1][ws, 24],
x3[x2, v4][24, 73]
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has Gg(3) as a twist. However, while G is mild and non-analytic, it is not fab; MAGMA
says that it has a subgroup of index 9 which has an infinite abelianization.

3. Constructing fabulous groups

Let G(™ be the n-th derived group of the group G; we have
GO -G and Gt — [G("), G(")] ]
Proposition 8. Let G be a pro-p-group. The following statements are equivalent:
(a) The group G is a fab group;
(b) The factors of the derived series of G are finite;
(c) The quotient G/G(”) is finite for all n;
(d) Every solvable quotient of G is finite.

Proof. If (a) holds then H open in G implies that [H, H] is in H. This implies (b)
by induction. That (b),(c) and (d) are equivalent is immediate. To prove that (c) implies
(a), let H be a closed subgroup of G of finite index. Then G(™) C H for some n which
implies G+ C [H, H] and hence the finiteness of H/[H, H]. [

The n-th derived subalgebra of a Lie algebra L is defined inductively by
LO=r, and LOF)=[LM [™M],
Definition 9. A Lie algebra L is said to be fab if L/ L™ is finite for all n > 0.

Let (Cy,) be a central series for G; by definition, we have
Cy =G and [Cp,Cy] C Chgn-

Let L(G) be the Lie algebra associated to this central series. Then L(G) is a graded
Lie algebra with n-homogeneous component L,,(G) = C,,/Cy,+1 (denoted additively).
If [,, is the canonical map of C), onto L, (G), we have l,,(zy) = l,(z) + 1,(y); if
x € Cr,y € Cs, we have l,45([x, y]) = [lr(z), - (y)].

For any closed normal subgroup H of GG, we have
L(G/H) = L(G)/L(H),

where L(H) is the Lie algebra associated with the central series (ﬁﬁ) of H defined by
H,, = HNCy,. If K is a closed normal subgroup of H, we also let L(H/K) be the Lie
algebra associated to the central series (H, K/K) of H/K. Then

L(H/K)=L(H)/L(K).
Proposition 10. We have L(G)™ C L(G™).

Proof. By induction on n. This is immediate for n = 0. Since G (+1) is the kernel
of the canonical map G™ — G G+ it follows that L (G™*1)) is the kernel of
the induced homomorphism of L (G(™)) onto the abelian Lie algebra L (G /G("+1)).
Thus

[L(G)™, L(G)™] € L(G™Y),



J. Labute 195

which implies the result since, by induction,

L(G)™ Y = [L(6)™, L(&)™]

N
F\z
Q
=
“b”

&
2

]
Corollary 11. If L(G) is fab, then G is fab.

Indeed, L(G/G™) = L(G)/L(G™) is a quotient of L(G)/L(G)™. However,
as we shall see, the converse statement is not true.

A pro-p-group G is said to be of elementary type if G/[G,G] = (Z/pZ)¢. If G
is a mild quadratic group of elementary type then an explicit presentation for the Lie
algebra associated to the lower central is known; cf. [1].

Proposition 12. If G is a mild quadratic group of elementary type, then £(G) is
fab if and only if g = £(G) /7 £(G) is fab.

Proof. Since 7£(G) C [£(G), £(G)] it follows that 72 £(G)*) C £(G)k+1),
If g is fab then M}, = £(G)*)/£(G)*+1) is a finitely generated F,[r]-module since
My /7 My, = b(k)/h(k+1) is finite and hence M, is finite since it is a torsion module.
Conversely, if £(G) is fab then g is fab since a quotient of a fab Lie algebra is fab. [

If G = Gg(p), with K = Q, p = 3 and S = {7, 13, 31,43}, its holonomy Lie
algebra g is of type I and hence isomorphic to the Lie algebra

h - <£17 s 754 ‘ [51752]7 [52753}7 [53;&4]7 [547§1]>'

The quotient h/(&2,&4) is a free Lie algebra on two generators and hence is not fab.
It follows that b, and hence g, is not fab. Thus the Lie algebra £(G) associated to the
lower 3-central series of the fab pro-3-group Gs(3) is not fab. Since g is also a quotient
of £(Q) it follows that £(G) is not fab which confirms that G is not fab, as we saw
using MAGMA.

More generally, if
t= <€17"'7§4 ’ p17-~~7,04>

is a quadratic Lie algebra over F,,, with p1, ..., ps strongly free, then by [3] it is iso-
morphic to the Lie algebra h above after possibly a quadratic extension. It follows that
the Lie algebra £ is not fab.

The holonomy Lie algebra of the group G = Gs(3), with S = {7,13,31,61}, has

the presentation (£1,...,&4 | p1,. .., pa) With
P11 = [51752] +2[§17€3] +2[€17€4]7
P2 = [£2a£3] +2[£27€4]>
[

p3 = 2,6+ [€3, 8],
pa = [&4,&] + [€4, &2l
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This presentation defines a mild quadratic Lie algebra of type II. The pro-3-group G,

with presentation (z1,...,x4 | s1,...,84), Where
s1 = af[wy, x][x, x3][xs, 21],
sy = x3[wa,xs)[T2,74],
s3 = x3[ws,x1][re, 73],
s4 = xi[wg, 11])[T2,74],

has G as a twist. MAGMA reports that G / G" is finite and that every subgroup of G of
index 3, 9 or 27 has a finite abelianization as well as all index 81 subgroups tested so
far. We do not know if this group is fab or not. Boston [2] has found a similar example
of a mild quadratic pro-2-group with 4 generators and 4 relators which is fab as far as
MAGMA can tell.

Question 1. Suppose that (G is a quadratic pro-p-group of elementary type and
suppose that its holonomy Lie algebra is a mild quadratic algebra with 4 generators and
4 relators which is of type II. Is G fab?

Question 2. Can one find a strongly free sequence over I, consisting of d quadratic
Lie polynomials p1, ..., pgind < m variables &1, . . ., &4 such that the Lie algebra

b:<fl,~~-»£d‘P17--->Pd>

is mild and fab?

If the answer to this question is yes, then one can produce an explicitly presented
quadratic pro-p-group GG whose holonomy Lie algebra is f). The classification of mild
quadratic Lie algebras is not known when m = d > 5. In this case we do not know
even if there is more than one isomorphism class over the algebraic closure of I),.

Question 3. If Gg(p) is quadratic and mild, can one find an explicit twist G of
Gs(p) such that G is fab? This would be the case if G were isomorphic to Gs(p).

If the answer to any of these questions is yes, the group G in question is then a
fabulous group which is non-analytic since d(G) > 4.

Remark. The above results can be extended to the case p = 2 when the cup-
product is alternating; cf. [6, p. 175]. If not, the situation is technically quite different
since the map = +— =2 in a pro-2-group G does not induce a linear operator on £(G).
This case will be treated in [7].
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