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MOTIVIC GALOIS THEORY FOR 1-MOTIVES
CRISTIANA BERTOLIN

To professor John Labute on the occasion of his 70th birthday.

RESUME. Soit 7; (k) la catégorie Tannakienne engendrée par les 1-motifs définis
sur un corps k de caractéristique 0 et soit Gyt (7}(1@)) son groupe fondamental, i.e.,
le groupe de Galois motivique Gyot (T1 (k)) des 1-motifs. Nous exhibons quatre suites
exactes courtes de groupes affines sous-7; (k)-schémas de G0t (’Tl (k:)) corrélés les
uns aux autres via les inclusions et les projections ; ce sont les versions motiviques de
suites exactes courtes bien connues de la théorie de Hodge. De plus, étant donné un
1-motif M, nous calculons explicitement la plus grosse sous-catégorie Tannakienne
contenue dans celle qui est engendrée par M, et dont le groupe fondamental est com-
mutatif.

ABSTRACT. Let 77 (k) be the Tannakian category generated by 1-motives defined
over a field k of characteristic 0 and let G0t (71 (k)) be its fundamental group, i.e., the
motivic Galois group Gp,ot (’Tl(k)) of 1-motives. We find four short exact sequences
of affine group sub-7; (k)-schemes of Gyt (71(k)), correlated one to each other by
inclusions and projections, which are the motivic version of well-known short exact
sequences in Hodge theory. Moreover, given a 1-motive M, we compute explicitly the
biggest Tannakian subcategory of the one generated by M, whose fundamental group
is commutative.

1. Introduction

Let k be a field of characteristic 0 embeddable in C. Fix an algebraic closure k
of k. Denote by 7; (k) the Tannakian category generated by 1-motives defined over k
(in an appropriate category of mixed realizations). The tensor product of 77 (k) allows
us to define the notion of Hopf algebras in the category Ind7; (k) of Ind-objects of
71(k). The category of affine group 77 (k)-schemes is the opposite of the category of
Hopf algebras in Ind7; (k). The motivic Galois group Gmot (71(k)) of 1-motives is the
affine group 77 (k)-scheme Sp (A), whose Hopf algebra A is endowed for each object
X of 7;(k) with a morphism X — A ® X functorial in X, and is universal for these
properties.

The weight filtration W, of 1-motives induces an increasing filtration W, of 3 steps
on the motivic Galois group Gt (Tl (k)) . In section 2 we recover each of these 3 steps
as intersection of some normal group sub-7; (k)-schemes that we compute explicitly.
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106 MoTIviC GALOIS THEORY

The explicit computation of these normal group sub-7; (k)-schemes will provide four
exact short sequences of group sub-7; (k)-schemes of Gyt (’Tl(k:)), which are corre-
lated one to each other by inclusions and projections, and which also involve the filtra-
tion W, of Got (Tl (k:)) (Theorem 3.6).

One of these short exact sequences is
(L) 0 — Hyy)(Grg' Ti(k)) — Gumot (T1(k)) ——Gal(k/k) — 0,

where Hr, () (GrgVT1(k)) is the normal group sub-7; (k)-scheme which acts trivially
on Gry Ty (k). If e : T;(k) — Ti(k) is the base extension functor, we have that the
7, (k)-scheme e H; ) (Grg' 71(k)) is canonically isomorphic to Gt (77 (k)). If 7 is
an element of Gal(k/k), then 7—!(7) is Hom® (Id, 7 o Id), where Id and 7 o Id have

to be regarded as functors on 7; (k) (Corollary 3.8). For each embedding o : k& — C,
the fibre functor w,, dubbed “Hodge realization”, furnishes the QQ -pro-algebraic group

Wo Gmot (/Tl (k)) = MS (wa)a

which is the Hodge realization of the motivic Galois group of T, (k) (cf. 8.13.1 of [7]).
Hence the short exact sequence (1.1) is the geometrical origin, i.e., the motivic version
of the short exact sequence of QQ -algebraic groups

0— Aut®@ (wﬁm@)) — M%(wg) — Gal(k/k) — 0,

where & : k — C is the embedding of k in C which extends o : k — C.

This last sequence is the restriction to 1-motives of the sequence found by P. Deligne
(see 6.23 of Part II of [5]) and U. Jannsen (see 4.7 of [9]). Remark that in this article
we restrict ourselves to 1-motives because we are interested in motivic (and hence geo-
metric) results and until now we know concretely only 1-motives. Also the equality

7 Yr) = Hom®(Id, 7 o Id)
is the motivic version of the one found by P. Deligne and U. Jannsen (loc. cit.).

In Section 3 we restrict ourselves to the Tannakian subcategory (M)® of 77 (k)
generated by a 1-motive M defined over k. The motivic Galois group Gpot (M) of M
is the fundamental group of the Tannakian category (M )®. Using the main result of [2],
we compute the derived group of the unipotent radical W_4 (Lie Gmot (M )) of the Lie
algebra of Gyt (M) (Proposition 4.2). Moreover we construct explicitly the biggest
Tannakian subcategory of (M )® which has a commutative motivic Galois group: more
precisely, starting from the 1-motive M, we construct a sub-1-motive M of M whose
motivic Galois group Gt (M) is the biggest commutative group sub-77 (k)-scheme
of Gimot (M) (Theorem 4.4).

In this paper  is a field of characteristic 0 embeddable in C, and we fix an algebraic
closure k of k.

2. Preliminaries about Tannakian theory

Let 7 be a Tannakian category over k, i.e., a rigid abelian k-linear tensor category
over k which possesses a fibre functor over a non empty k-scheme (see 3.7 of [5]
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or see 2.8 and 2.1 of [7]). A Tannakian subcategory of T is a strictly full abelian
subcategory 7" of 7 which is closed under the formation of subquotients, direct sums,
tensor products and duals. Note that 7" is endowed with the restriction to 7" of the fibre
functor of 7. The tensor product of 7 allows us to define the notion of Hopf algebras
in the category Ind7 of Ind-objects of 7 indexed by a filtered small category. The
category of affine group T -schemes is the opposite of the category of Hopf algebras in
Ind7. We denote Sp(A) the affine group 7 -scheme defined by the Hopf algebra A.
The fundamental group 7w(T) of a Tannakian category 7 is the affine group 7 -scheme
Sp(A), whose Hopf algebra A is endowed for each object X of 7 with a morphism
Ax : XV ® X — A functorial in X, and is universal for these properties. These
morphisms, which can be rewritten on the form X — X ® A, define an action of the
fundamental group w(7T ) on each object of T. By 6.4 of [6], to any exact and k-linear
®-functor u : 71 — 75 between Tannakian categories over k, corresponds a morphism
of affine group 72-schemes

U:n(73) — un(Th).

As in Theorem 4.3.2(g) of Part IT of [11], we have the following dictionary between
the functor v and the morphism U':

(1) Firstly, U is faithfully flat if and only if u is fully faithful and every subobject
of u(X1), for X an object of 77, is isomorphic to the image of a subobject of X.

(2) Secondly, U is a closed immersion if and only if every object of 75 is iso-
morphic to a subquotient of an object of the form u(X7), for X; an object of 7; (for
the definition of closed immersion and of faithfully flat morphism of affine group 7 -
schemes (see §5 of [6] or see 7.5-7.12 of [7]).

An immediate consequence of 8.17 of [7] is the following dictionary between Tan-
nakian subcategories of 7" and normal affine group sub-7 -schemes of (7).

Tannakian correspondence: There is a bijection between the Tannakian subcate-
gories of 7 and the normal affine group sub-7 -schemes of w(7 ), which has the fol-
lowing properties:

e It associates to each Tannakian subcategory T' of T, the kernel Hy(7T") of the
morphism of affine group T -schemes I : 7w(7T) — in(7T') corresponding to the in-
clusion functor i : 7' — 7. In particular we have the exact sequence of affine group
T -schemes

0— H7r(T") — n(T) — in(T") — 0.

e It associates to each normal affine group sub-7T -scheme H of w(7T), the Tan-
nakian subcategory T (H) of objects of T on which the action of w(7 ) induces a trivial
action of H.

Recall that a sequence
0— H-5G5G —0
of group 7 -schemes is exact if 7 is faithfully flat and the sequence
0 — H(SpA) -5 G(SpA4) - G'(SpA)
is exact for any 7 -scheme Sp(A).
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If 7 is the Tannakian category of Artin motives, we recover the classical Galois
correspondence between field extensions and normal subgroups of the Galois group.
(For neutral Tannakian categories, P. Deligne has pointed out to the author that we can
see this correspondence as a reformulation of 4.3.2(b) and 4.3.2(g) of Part II of [11]).
Moreover he pointed out the following example of non neutral Tannakian category to
which we can apply this Tannakian correspondence: the Tannakian category of F-iso-
cristals on the algebraic closure IF of [F;, and the Tannakian subcategories of objects all
of whose slopes, multiplied by d, for some fixed integer d, are integers (cf. 3.3.3.1 of
Part VI of [11]).

Like in Galois theory, the Tannakian correspondence inverts inclusions.

Lemma 2.1. (i) If 7, and 75 are two Tannakian subcategories of T such that
Ty € 1o, then Hr (Th) 2 H7(T2).

(ii) If Hy and Hy are two normal subgroups of w(7 ) such that H; C Hj, then
T(Hy) DT (Ha).

Let w be a fibre functor of the Tannakian category 7 over a k-scheme S, namely an
exact k-linear ®-functor from 7 to the category of quasi-coherent sheaves over S. This
defines a ®-functor, again denoted by w, from Ind7 to the category of quasi-coherent
sheaves over S. If the fundamental group 7(7") is the group 7 -scheme Sp(A), we
define w (7 (7)) = Spec(w(A)). According to 8.13.1 of [7], the spectrum Spec(w(A))
is the affine group S-scheme M? (w) representing the functor which associates to each
S-scheme T, u : T' — S, the group of automorphisms of ®-functors of the functor

wr:7T — {locally free sheaves of finite rank over T}
X — vwX).

From the formalism of 5.11 of [6], we have the following dictionary:

e To give oneself the group 7 -scheme 7(7 ) = Sp (A) is the same thing as to give
oneself, for each fibre functor w over a k-scheme S, the group S-scheme Aut (w), in
a functorial way with respect to w, and in a compatible way with respect to the base
changes S’ — S.

e Letu : 77 — 75 be a k-linear ®-functor between Tannakian categories over k.
To give oneself the corresponding morphism

U:n(7T3) — un(Th)

of group 72-schemes, is the same thing as to give oneself, for each fibre functor w of 75
over a k-scheme S, a morphism of group S-schemes

Autg (w) — Autg(w o u),

in a functorial way with respect to w.
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3. Some motivic Galois groups

Let M R(k) be the category of mixed realizations (for absolute Hodge cycles) over
k defined by U. Jannsen in 2.1 of [9]. The category M R(k) is a neutral Tannakian
category over QQ with fibre functors {wy },.k—c, the so-called “Hodge realizations”.

The Tannakian category of Artin motives Ty(k) over k is the Tannakian subcategory
of M R(k) generated by realizations of 0-dimensional smooth varieties over k. By
fixing an algebraic closure k of k, 7o(k) is equivalent to the category of finite-dimen-
sional Q -representations of the constant, pro-finite affine group Q -scheme Gal(k/k):

(3.1 To(k) = Repg(Gal(k/k))
X — QX(E).

A 1-motive M = [X -G over k consists of the following:

(1) A group scheme X over k, which is locally, for the étale topology, a constant
group scheme defined by a finitely generated free Z-module.

(2) A semi-abelian variety G defined over k, i.e., an extension of an abelian variety
A by atorus Y (1), with cocharacter group Y.

(3) A morphism v : X — G of group k-schemes.

The 1-motives are mixed motives of level less than or equal to 1: the weight filtra-
tion W, on M = [X —~G] is given by

Wi;(M) = M foreachi >0,
Woi(M) = [0— G,
Woo(M) = [0— Y1),
W;(M) = 0 foreachj < —3.

If we denote Gr}¥ = W,,/W,,_1, we have

CrV(M) =X — 0], GtV (M)=[0— 4] and Cr'%(M)=[0— Y(1)].

The Tannakian category Ti(k) of 1-motives over k is the Tannakian subcategory
of M R(k) generated by mixed realizations of 1-motives (see 10.1 of [4]). Since the
category M R(k) of mixed realizations is Q -linear, in the following we work with iso-
1-motives (see p. 104 and p. 106 of [6]) called just 1-motives below. The unit object 1
of 71 (k) is the 1-motive Z(0) = [Z — 0]. For each object M of 7;(k), we denote its
dual by

MY = Hom (M, Z(0)).
The Cartier dual of an object M of 7; (k) is the object
M* = MY ®7Z(1).

We denote by W_;7; (k) (resp. GrY T3 (k), for n < 0) the Tannakian subcategory of
71 (k) generated by all W_1 M (resp. GrXVM, for n < 0) with M a 1-motive.

Lemma 3.1. (i) The Tannakian subcategory 7 (k) of M R(k) is equivalent (as
a tensor category) to the Tannakian subcategory Grgv’]'l (k).
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(il)) We have the following anti-equivalence of tensor categories
To(k) ® (2(1))® — G T (k)

which is defined on the generators by X ® Z(1) — XV (1) (see §5 of [7] for the
definition of the tensor product Ty(k) ® (Z(1))® of two Tannakian categories).

Proof. Assertion (i) is a consequence of (3.1). According to (i), we can view an
object X of 7o(k) as the character group of a k-torus 7. The dual X" of X in the
Tannakian category M R(k), can be identified with the cocharacter group of 7" which
can be written, according to our notation, as X (1). The anti-equivalence between
the category of character groups and the category of cocharacter groups furnishes the
desired anti-equivalence (ii). O

If a Tannakian category 7 is generated by motives, the fundamental group 7 (7)
is called the motivic Galois group Gmot(7) of 7. Here are some examples of motivic
Galois groups:

(1) Gmot (Z(0)) is the affine group (Z(0))®-scheme Sp(Z(0)): it is the trivial
group {1}.

(2) Gumot (Z(1)) is the affine group (Z(1))®-scheme G, defined by the Q -scheme
Gy (see 5.6 of [6]).

3) Gmot (’]E)(E)) is the affine group 7o(k)-scheme Sp (1T0 (E)) defined by the Q-
scheme Spec (Q) (cf. (3.1) with k = k and cf. 6.3 of [6]).

(4) By Lemma 2.2 (ii), Gmot (Gr¥%,71(k)) is the affine group Gr¥¥,7; (k)-scheme
Gy, defined by the Q -scheme G, /q (see 5.6 of [6]).

(5) If k is algebraically closed, the motivic Galois group of motives of CM-type
over k is the Serre group (cf. §6 of [5] or cf. 4.8 of [10]).

(6) According to (3.1) and to 6.3 of [6], we have also the following example:

Lemma 3.2. Gy0t(70(k)) is the affine group To(k)-scheme GAL(k/k) which sa-
tisfies functorially the following property: for any fibre functor w over Spec (Q) of
7o(k), the affine group scheme

w(gA[’(E/k)) = Mgpec(@)(w)

is canonically isomorphic to Gal(k/k).
Proposition 3.3. (i) Gumot (Gry' T1(k)) = GAL(k/k),
(ii) gmot(GrYVQ’]](k')) = i1GAL(k/k) x i2G,,, where the functors
b To(k) = To(k) ® Vee(@) — Tok) ® (Z(1)°
X — X®I1,

and
iz 1 (Z(1))® = Vec(Q) ® (Z(1))® — To(k) ® (Z(1))®
Z(1) — 18Z(1),
identify respectively To(k) and (Z(1))® with full subcategories of To(k) @ (Z(1))®.
Here Vec(Q) is the Tannakian category of finite dimensional vector spaces over Q.
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Proof. Assertion (i) is clear from Lemmas 3.1(i) and 3.2. Assertion (ii) is a conse-
quence of Lemma 3.1(ii1), because according to 2.40.5 of [10] we have

gmot (Gr\_NQ,Tl(k)) - gmot (%(k) & <Z(1)>®) - ilgrnot (%(k)) X i2Gm-
(I
The action of the motivic Galois group Gmot (71(k)) on each object of 71 (k) and
the weight filtration W, on objects of 77 (k) allow us to define an increasing filtration,
again denoted by W, on Gt (Tl (k:)) (cf. §2 of Chapter IV of [11]). Since the action
of Gmot (’Z'l(k’)) on each 1-motive M factorizes through the projection
Gmot (71 (k) — Gmot (M)

given by the inclusion (M)® — 7;(k), in order to describe the filtration W, on
Gmot (’2'1(/{)) we restrict ourselves to the generators of 77 (k), given for any 7;(k)-
scheme Sp (B) by

L4 WO(Qmot(lTl(k))) - gmot(ﬂ(k))a

o Wi (Guor (Ti(K)) (SP B) ) =

(g —id)M C W_y (M),
—id)W_ (M) C W_s(M),
9 € Gmot(71(k)) (Sp B) Ei—idiw_;EMi -0, 2()

for each 1—motive M € 7;(k)

o Wos(Guot (Ti(k)) (S0 B) ) =
(g - Zd)M - W72(M)7

9 € Gmot (ﬂ(k))(Sp B) (g —id)W_1(M) = 0, ’
for each 1—motive M € 7, (k)

o W3 (G (Ti(K)) ) = 0.

In order to understand better this filtration W, we can apply the formalism of 5.11
of [6] which was recalled at the end of §1: via the fibre functors {w, }¢.x—c, the “Hodge
realizations”, we are led to work with the Q -pro-algebraic groups

wagmot (7-1 (k)) = @g(wa>
which act on the Hodge realizations w, (M) of 1-motives.
Now we prove that this filtration W, of G0t (Tl(k)) can be recovered from the

group sub-7; (k)-schemes

Ho, ) (G T (K)),
withz = —1, —2, and

Hez, k) (W_1Ti(K))
of Gimot (71 (k)). These group sub-7; (k)-schemes are the motivic generalizations of the
algebraic Q -groups introduced in §2 of [1].
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Lemma 3.4. (1) On the one hand,
Wq(gmot(ﬁ(k))) = Hry) (Gt Tu(k)) N Ho 1y (GrY% 71 (k).
(2) On the other hand,
W (Gt (Ti(K)) ) = Hory oy (WA Ti(8) 01 H iy (Wo/ W23 (8)).

Proof. By definition of the filtration W, on the motivic Galois group Gyt (Tl (k:)),
we have

Wi (Gt (Ti1)) ) = Hrygey (GrY T (1) 0 Foy 1y (GrYG T ().

Moreover according to Lemma 3.1, the Tannakian category GrBNTl(k) of Artin mo-
tives is canonically isomorphic to a Tannakian subcategory of Gr\ival (k) and therefore
Lemma 2.1 gives

Hry 4oy (Gry Ti(k)) 2 Hoy 1y (GrY% i (k).
The assertion (i) is now clear.

Again by definition of the filtration W, we have
W (Guot (T(R) ) = Hiry sy (W1 T3 (k) 1 iy sy (Wo /Wi (k).

In the category of mixed realizations, we have the duality
N — Hom(N,Z(1)),

which corresponds to the Cartier duality M* = Hom(M,Z(1)) in the case of realiza-
tions of 1-motives. This duality induces an anti-equivalence of tensor categories

Wo/W_oTi(k) — W_1Ti(k)

(in Proposition 3.7 of Exposé VIII of [8], Grothendieck proves this anti-equivalence for
the generators of these two categories). Therefore we get the assertion (ii). O

Remark 3.5. If we restrict ourselves to the Tannakian subcategory of 7; (k) genera-
ted by a 1-motive M, it is not true that the Tannakian category generated by M /W _o M
is equivalent to the Tannakian category generated by W_; M. Hence Lemma 3.4 must
be modified in the following way:

W_, (gmot(M)) = H’Z’l(k)(Gr\ile) N Hq—l(k)(Gr\iVQM),
W—Z (gmot(M)) = H’]'l(k) (M/W_QM) N H’Zi(k) (W_lM)

Before stating the main theorem of this paragraph, we need some notation. Con-
sider the base extension functor

(3.2) e:Ti(k) — Ti(k)

M — Mk
According to (3.1), for k = k, the images through e of the objects of 7o(k) are in the
Tannakian subcategory generated by the unit object 1, ) of 71 (k) and they generate it.

Moreover, every object M in 77 (k) can be written as a subquotient of M’ ®y, k for some
object M’ of T1(k) : in fact, for M’ we can take the restriction of scalars Resy, /Mo



C. Bertolin 113

with My a model of M over a finite extension k' of k (see 2.16 of [9] for the definition
of Resy ;. and recall that by Proposition 5 of 7.6 of [3], the restriction of scalars of
an abelian variety (resp. a semi-abelian variety, resp. a 1-motive) is again an abelian
variety (resp. a semi-abelian variety, resp. a 1-motive)). Therefore the corresponding

morphism of affine 77 (k)-schemes
E : Gmot (,]-1 (E)) — € Gmot (ﬂ(k))
is a closed immersion.

Let
H : gmot(ﬂ(kj)) B hgmot(Gr;\JNﬂ(kj))a

I Guot (Tl(k)) — 1 Gmot (Gr}:v']'l(k))a
L+ Gmot(Ti(k)) — LGt (GrV i (K)),
be the faithfully flat morphisms corresponding respectively to the inclusions
ho: GYTi(k) — Ti(k),
i+ GVTi(k) — Ti(k),
I GV Ti(k) — Tu(k).
Then we can state the following theorem.

Theorem 3.6. We have the following diagram of affine group 7, (k)-schemes

0 —— Hay gy (GrVTi (k) —— Gunor (T1 (k) —— hGAL(E/k) ——— 0
0 —— Hy; 3y (Gt T1(k)) —— Gumot (T1(k)) —— h GAL(K/k) X G, —— 0

0 ——— W_1Gumot (T1(k)) — Gmot (T (k) — i Gumor, (GrVTi(k)) —— 0

00— W _9Gmot (T1(k)) —— Gumot (71 (k) —=2 1 Gmot (W_1T3 (k) —— 0

where all horizontal short sequences are exact and where the vertical arrows on
the left are inclusions and those on the right are surjections. Moreover we have the

following canonical isomorphisms of affine group 7, (k)-schemes:
{ e Hr ) (Grg Tu(k)) = Gt (Ta(K)),
e Hy o) (G (k) = H’[l(E)(<Z<1)>®)~

Proof. We prove the exactness of these four horizontal short sequences by applying
the Tannakian correspondence to the following Tannakian subcategories of 77 (k):

To(k), Gr%Ti(k), GrVVTi(k) and W_7;(k).

The first and the second exact sequence are a consequence of Proposition 3.3. The third
and the fourth exact sequence are a consequence of Lemma 3.4 (i) and (ii) respectively.

2
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In order to prove that the left vertical arrows are inclusions and that the right vertical
arrows are surjections, it is enough to apply Lemma 2.1. As we have observed, the ima-
ges through the base extension functor e of the objects of 7y (k) generate the Tannakian
subcategory (1., (E)>® of 71 (k). Therefore the 71 (k)-scheme eHr, (1) (G T (k)) is

canonically isomorphic to Gt (Tl (E))

According to Lemma 3.1 (ii), GrYVQTl(E) is equivalent as a tensor category to the

Tannakian subcategory (Z(1))® of 7;(k) generated by the k-torus Z(1). Hence the
objects of Gr'¥,7; (k) are exactly those objects of 7; (k) on which, after extension of
scalars, the sub-7; (k)-scheme Hr. ) ((Z(1))®) of Guot (71(k)) acts trivially. Hence
we get the second canonical isomorphism

e Hr, () (Gr% i (k) = Hy, 5 ((Z(1))%).
O

As a corollary, we get the motivic version of 6.23(a), 6.23(c) of Part II of [5] and of
4.7(c), 4.77(e) of [9] . But before stating this corollary, we need the following lemma.

Lemma 3.7. Let
w L — 7Ty and w9 :Ty — T3
be two exact and k-linear ®-functors between Tannakian categories over k. Denote by
Up:m(T2) — win(7y) and Uz : 7w(73) — uam(72)

the morphisms of affine group 75-schemes and T3-schemes defined respectively by w1
and ugy. Then the morphism of affine group 73-schemes corresponding to ug o uq 1is

U =ugUj o Uy : w(73) — uem(T3) — uguinw(7h).
Moreover, we have the following:

(i) if the composition uz o u; is the constant functor 17, then U takes values in the
trivial group, i.e., U : w(73) — Sp (11,);

(ii) if 7y = 75 and ug o uy; = id, then U = id.
Proof. The morphism of group 75-schemes
Uy : n(T2) — uin(Th)
provides a morphism of group 73-schemes
uoUy : uom(72) — uguim(72).
Denote by
U:n(73) — uguim(7q)
the morphism of group 73-schemes corresponding to the functor
usouy : Iy — 7s.

According to the formalism 5.11 of [6], having the morphisms U, wuoU; and Us of
73-schemes is respectively the same thing as having, for each fibre functor w of 73 over
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a k-scheme .S, the morphisms of group S-schemes
M?(w) — M? (w o (ug o ul)),
M?(wow) — @?((wow) oul),
AEw)  — Awfwous).

Hence we observe that U = usU; oUs. The remaining assertions are clear: in particular,
if ug o uy is the constant functor 17;, we have

Autg (wyir,)e) = Spec (k)
for each fibre functor w of 73 over a k-scheme S. O

Suppose that

Fl,FQ . 7—1(]{3) e 7—1(]{)

are two functors. We define Hom® (Fy, F,) to be the functor which associates to each

71(k)-scheme Sp (B), the set of morphisms of ®-functors from
(Fl)Sp(B) X = Fl(X) & B

to
(FQ)Sp(B) X - FQ(X) ®B

Here (F1)gp (p) and (F)sp, (p) are ®@-functors from 73 (k) to the category of modules
over Sp (B). According to 8.11 of [7], this functor Hom® (Fy, F) is representable.
Moreover, each element 7 of Gal(k/k) defines a functor

7: T1(k) — T1(k)

in the following way: the category 7;(k) is generated by motives of the form e(M)
with M € 7;(k), and so it is enough to define Te(M). We put 7e(M) = M Q4 Tk.

Consider the inclusions of Tannakian categories
To(k) L GV T3 (k) - Ti(k).
We obtain the corresponding faithfully flat morphisms of group 7; (k)-schemes
Gmot (T1 (k) = i Gunor (GrIVT1(R)) ~5 i GAL(R/R),
where
iJ i Gmot (GrY T1(k)) — 15 Gmot (G171 (K))
is defined by the morphism
J: gmot (GrlNlTl(k)) — jgmot (Gr(\)zvj—l(k))
corresponding to the inclusion j.

Denote by
H : Grot (7—1 (k)) — h Gmot (Gl“(\)NT1 (k))
the faithfully flat morphism corresponding to the inclusion

h:Gr T (k) — Ty (k).
In particular, by Lemma 3.7 we have that H = ¢.J o I. The functor “take the graded”
gt Ti(k) — GrlVTa(k)
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corresponds to the closed immersion of affine group GrY' 7; (k)-schemes
gmot (GI“ ,Tl (k)) — grl)vgmot (71 (k)) s

which identifies the motivic Galois group of GrY 7;(k) with the quotient Gry¥ of
gmot (,Tl (k)) .

Corollary 3.8. (i) We have the following diagram of affine group 7T; (k)-sche-
mes in which all the short sequences are exact:

0 0
W—lgmot (71 (k)) - W—lgmot (/Tl(k))

0 —— Hyy ) (Grg' Ti(k)) ——— Gumot (T1(k)) ", hGAL(k/k)—0
f

0 —— i Howo iy (Gro' T1(K)) — i Go (Gr}}’ﬂ(k)) L hGAL (K k) — 0.

0 0

(ii) The morphism
 Gmot (Gl Ti (k) — g1l Gmor (7 (k)
of affine group GrlN’Tl (k)-schemes is a section of the morphism gr¥¥ I.
(iii) For any affine T; (k)-scheme Sp (B) and for any T € hGAL(k/k)(Sp (B)) =
Gal(k/k), we have

eHS

Sp(B)( 7) = Hom®(Id,Id o 7) (Sp (B))

in Gmot (71 (k)) (Sp (B)), regarding Id and Id o T as functors on T (k). In an analogous
way,
e ()5 () = Hom® (14, Td o 7) (S ()

in i Gumot (G 71(k)) (Sp (B)), regarding Id and Id o T as functors on Gr¥ T (k).

Proof. (i). We only have to prove the exactness of the last horizontal short sequence
for which we apply the Tannakian correspondence to the category Grgv’fl(k) viewed
as a subcategory of GrY¥ 71 (k).

(ii). Since the composition
e oi: GV (k) — Ti(k) — Gr\VTi(k)
is the identity, from Lemma 3.7 we have

gtV T o Gr)¥ = id : Gmot (GrY Ti(k)) — gr) Gmot (T1(k)) — Gmot (GrYY T1(K)) .
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(iii). By 8.11 of [7], the fundamental group Gt (Tl(k:)) represents the functor
Aut®(Id) which associates to each 77 (k)-scheme Sp (B) the group of automorphisms
of ®-functors of the functor

Idgy By : Ti(k) — {modules over Sp (B)}

X — X®B.
Hence if g is an element of Gyt (71(k)) (Sp B) = Aut®(Id)(Sp B), for each pair of
objects M and N of 7;(k) and for each morphism f : M — N of 7;(k), we have the
commutative diagram

M®B-"5M®B

f®7ﬁdB\ Jf@idB
NeB-"“NgB.

Let M and N be two objects of 7i(k). Since Hom ) (e(M), e(N)) is an object of

Repg (Gal(k/k)), it can be regarded as an Artin motive over k. Moreover, the ele-
ments of Hom, ) (M, V) are exactly the elements of Hom. - ) (e(M),e(N)) which

are invariant under the action of Gal(k/k).

Let g be an element of
Gmot (71(k)) (Sp B) = Aut®(1d)(Sp B),
and let H(g) = 7 be an element of
hGAL(k/k)(Sp B) = Gal(k/k).
This means that g acts via 7 on Hom, (e(M),e(N)). Then for any morphism

f:e(M)—e(N)

of 71(k), we have the commutative diagram

e(gnm)
—5

(3.3) e(M)® B e(M)® B

f®idB Tf®idB

e(N) @ B, (N @ B.

Since M and N are defined over k, e(M) and e(NN) are respectively isomorphic to
Te(M) and Te(N) and therefore the upper line of (3.3) defines a morphism

e(M)® B — 71e(M) ® B

which is functorial in e(M) and B, and which is compatible with tensor products.

Moreover we have already observed that the Tannakian category 77 (k) is generated by
motives of the form e(M) with M € 7;(k). We can then conclude that g defines an

element of Hom® (Id, Id o 7), regarding Id and Id o 7 as functors on 7; (k). O
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4. Case of a 1-motive

In this section we construct the biggest Tannakian subcategory of the one generated
by a 1-motive M over k, whose motivic Galois group in commutative. In order to
do that, we need a more symmetric description of 1-motives: according to 10.2.14
of [4], to have a 1-motive M = [X—G] over k is equivalent to have the 7-tuple
(X, YV, A, A* v,v* 1)) where

e X and YV are two group k-schemes, which are locally for the étale topology,
constant group schemes defined by a finitely generated free Z-module;

e A and A* are two abelian varieties defined over &, dual to each other;

e v: X — Aandv* : YV — A* are two morphisms of group k-schemes;

e 1) is a trivialization of the pull-back (v, v*)*P4 by (v, v*) of the Poincaré biex-
tension P4 of (A, A*) by G,,.

The Lie algebra Lie G0t (M) of the motivic Galois group of M is an object of the
Tannakian category (M )® generated by M which is endowed with a structure of Lie
algebra, i.e., a skew symmetric application

[—, =] : Lie Got (M) & Lie Gnot (M) — Lie Got (M)

satisfying the Jacobi identity. If Gpot (M) is Sp(A), then Lie Gnot (M) is the dual of
I/I?, where I is the augmentation ideal of the Hopf algebra A. The main result of [2]
is that the unipotent radical of the Lie algebra of G0t (M) is the semi-abelian variety
defined by the adjoint action of the Lie algebra

(Grfv (W_1Lie Gmot (M)), [, _])

on itself. Recall that according to 10.1.3 of [4], the functor “Hodge realization” from the
category of 1-motives defined over k to the category of Q -mixed Hodge structures H of
type {(0,0), (—1,0), (0, —1), (=1, —1)} and with the quotient Gr"V; (H) polarizable, is
fully faithful. The abelian variety B and the torus Z(1) underlying this semi-abelian
variety can be computed explicitly.

We recall here briefly their construction: The motive £ = W_4 (M(GrXVM )) is
the direct sum of the abelian variety £} = A ® XV + A* ® Y, which is the component
of E of weight —1, and of the torus F5 = X" ® Y (1), which is the component of F
of weight —2. It is endowed with a Lie bracket

[—,—-]:EQFE—FE
whose only non trivial component is
[—, —] T EF 1@ FE_1 — FE_s.

According to Corollary 2.7 of [2], this Lie bracket corresponds to a ¥ — XV @ Y (1)-
torsor B living over AQ XV + A*®Y (see 2.2 of [2] for the definition of a X-torsor.) As
proved in 3.3 of [2], the 1-motives Gr\’ M and Gr\¥ M" are Lie (E, [—, —]) —modules.
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In particular, £ acts on the components GrgVM and GrXVM V through the projections:
a : (XVe®A)eX —A,
4.1) B (AAQY)eYY — A%
7o (XVeY(1)eX —Y(1).
Denote by b = (b1, b2) the k-rational point of the abelian variety A® XV + A* QY
defining the morphisms
v:X —-A and v*:YV — A%
Let B be the smallest abelian subvariety (modulo isogenies) of XV ® A + A* @ YV
containing the point
b= (b1,h) € (XY ® A)(k) + (A" @Y)(k).
The restriction i*B of the ¥ — XV ® Y (1)-torsor B by the inclusion
i:B-X"®A+A" QY
isaY — XV ® Y(1)-torsor over B. Denote by Z; the smallest subgroup of XV @ Y
such that the torus Z; (1), that it defines, contains the image of the Lie bracket
[-,-]:B®B — X' ®Y(1).
The direct image p.i*B of the ¥ — XV ® Y (1)-torsor i*B by the projection
p: XVeY(l) — (XY®Y/Z)(1)
is a trivial ¥ — (X" ® Y/Z;)(1)-torsor over B. We denote by
TipdB— (XY ®Y/Z1)(1)
the canonical projection. By 3.6 of [2], the morphism u : X — G defines a point b

in the fibre of B over b. We denote again by b the points of *5 and of p,.i*5 over the
point b of B. Let Z be the smallest subgroup of XV ® Y, containing Z; and such that

the subtorus (Z/Z1)(1) of (XY ® Y/Z1)(1) contains 7(b). If we put Zy = Z/Z, we
have Z(1) = Z1(1) x Z(1).

With these notations, the unipotent radical W_; (Lie Gmot (M )) of the Lie algebra
of Gmot (M) is the extension of the abelian variety B by the torus Z(1), defined by the
adjoint action of (B + Z(1), [—, —]) on itself.

Remark 4.1. If the morphism of group k-schemes v : X — A which appears in
the definition of

M = [X-5G] = (X,YY, A, A%, v, v*, ¢)
is trivial, then M is isogeneous to the 1-motive
(X-SYD)] @0 — Gl
In this case, the unipotent radical W_ (gmot (M )) is the direct sum
W_2(Gmot (M) & W_1(Gmot(W_1M))

and therefore Gyt (M) is abelian; with the above notations, we have by = Z1(1) = 0
and
W_; (Lie gmot(M)) =B+ Zg(l).
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If also the morphism v* : YV — A* is trivial, M is isogeneous to the 1-motive
XSV ()] @0 — Al

Therefore the unipotent radical W_1 (gmot (M )) is W_o (gmot(M )) and Gyt (M) is
clearly abelian; with the above notations, we have by = b = B = Z;(1) = 0 and

W_i (Lie Gmot(M)) = W_g(Lie Gnot(M)) = Za(1).

Proposition 4.2. The derived group of the unipotent radical W _; (Lie Gmot (M ))
of the Lie algebra of G0t (M) is the torus Z,(1).

Proof. The only non trivial component of the bracket [—, -] : E® E — E'is
[—, —] F 1@ FE_1 — FE_s.

)

(B+ Z(1)) N E_; = B, and such commutators live by definition in the torus Z;(1).
O

Therefore we only have to consider the commutators [—, —] of the elements of

Let {e;}; and { f}; be basis of X (k) and YV (k) respectively. Choose a point P of
[BN (XY ®A+{0})] (k) and a point Q of [B N ({0} + A* ® Y)] (k) such that the
abelian subvariety they generate in XV ® A + A* ® Y is isogeneous to B. Denote by

v:X(k)— A(k) and " :YV(k) — A*(k)
the Gal(k/k)-equivariant homomorphisms defined by

v(ei) = a(P,e;) and T (f) = B(Q, f}),
respectively, where a and ( are the projections introduced in (4.1). Moreover choose a
point § = (qi,-- ., Grk z,) of Z2(1)(k) such that the points qi, . . ., ¢k z, are multiplica-
tive independent. It is possible to find such a ¢ defined over k because of the construc-
tion of the torus Z5(1): in fact, since M is defined over k, the point b corresponding to
the morphism u : X — @, is k-rational and therefore also 7(b) is k-rational. So the
torus Z»(1) contains at least a k-rational point.

Let
I:Z(1)(k) @ (X YY) (k) — Z(1)(k)
be the Gal(%/ k)-equivariant homomorphism obtained from the map
v (XYeY(d)eX —Y(1),

and denote by ¢ : X ® YV (k) — Z(1)(k) the Gal(k/k)-equivariant homomorphism
defined by

(4.2) (e f7) = T ([P,Ql, . e, f}) -

The homomorphisms 7, o* and v define a 1-motive (X YV AL A* v, E*,@) which is
a ®-generator of the Tannakian category generated by M, i.e.,

4.3) (M)® = ((X,YV, A, A%, 0,7, 9) )7

(see the proof of Theorem 3.8 of [2]). If we denote by Ei,ﬁj and @” the Gal(%/ k)-
equivariant homomorphisms obtained by restricting respectively 7, 7* and 1) to Ze; and
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Zf*, by Theorem 1.7 of [1], we have the following equivalence of Tannakian cate-
gories:

(44) < (X) YV7A7A*7676*7¥) >® = <®Z7j (ZGZ’7Zf;,A, A*aﬁzaﬁjval,j) >®'

Consider the 1-motives

Mt = @iy Zei,Zf;-‘,O,O,O,O,JZZ;’),
M@ = EBiJ(Zei,Zf;,AgA*uﬂiuﬂ‘??O)?
Anab @m(Z%Zf;,A,A*,m,@;‘f,@%b>,
Mt = (Lo Bf A AT T D),
where
—nab T
wi' eivfik = T P?Qalﬂeihfik’
4.5) s (e d5) (9 )

|
iglent;) = T(den 1)

The 1-motive M% (resp. M?") is without toric part (resp. abelian part) and its mo-
tivic Galois group is clearly commutative. We prove now that the Tannakian category
(M@ (resp. (M")®) is the biggest subcategory of (M)® whose motivic Galois
group is commutative (resp. non commutative).

Lemma 4.3. The Tannakian category generated by M is equivalent to the Tan-
nakian category generated by the 1-motive M* @ M. Moreover, the 1-motives M
and M® @ M? generate the same Tannakian category.

Proof. Through the projection
p: X'eY(1) — (XY oY/Z)(1)

the ¥ — (X ® Y)(1)-torsor i*B becomes trivial. Confronting (4.2) and (4.5), we
observe that having the trivializations @f? and Eln?b is the same thing as having the
trivialization % ;» and so the Tannakian category

< @z,j (ZehZf;v Aa A*aﬁiaﬁjaai,j)y@

is equivalent to (M? @ M™®)®. Via (4.3) and (4.4), we can then conclude that (M)®
is equivalent to (M* @ M™®)®,

Again because the ¥ — (XV ® Y/Z;)(1)—torsor p.i*B is trivial, the trivialization
E?? is independent of the abelian part of the 1-motive M, i.e., it is independent of v;, @j.
Therefore (M?)® is equivalent to (M & MH)®. O
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Theorem 4.4. The Tannakian category generated by M® is the biggest Tannakian
subcategory of (M)® whose motivic Galois group is commutative. We have the fol-
lowing diagram of affine group (M )®-schemes

0 —— Z5(1) ——— Lie Gmot (M) —— Lie Giot (M™?) —— 0

0 Z(1) Lie Gt (M) —— Lie Gt (M*) —— 0

0 ——— Z1(1) —— Lie Gmot (M) —— Lie Gt (M) —— 0

0—— B+ Z1(1) —— Lie Gmot (M) —— Lie Got(M*) —— 0

where all horizontal short sequences are exact and where the vertical arrows on the
left are inclusions and those on the right are surjections.

Proof. By 3.10 of [2], the Lie algebra W _sLie Gyo (M) is the torus Z(1). More-
over by construction, the 1-motive without toric part M® generates the same Tannakian
category as the 1-motive Wo/W_oM + W_; M. Hence, thanks to Remark 3.5, we
obtain the second horizontal short exact sequence.

From the definition of the 1-motives M ™ A% and M, and from (4.5) we ob-
serve that the torus Zo(1) acts trivially on M, the torus Z; (1) acts trivially on M
and that the motive B + Z; (1) acts trivially on M t_ In other words we have the inclu-

sions
Z(1) Lie Hppyo ((M™0)®),
Zl(l) C LieH<M>®(<Mab>®),

B+ Zi(1) C LieHppe ((MH®).

N

Now we prove that these inclusions are in fact identities. Since the 1-motive M
has no abelian part, Lie H /e ((M t>®) must be contained in the Lie subalgebra of
(B+ Z(1),][,]) defined by the morphisms v : X — A and v* : XV — A*, ie.,

Lie Hype ((MH%) C B+ Zi(1).

According to Lemma 4.3, the 1-motives M and M*! @ M™ generate the same Tan-
nakian category, and therefore
Lie Hypno ((M™)®) C B+ Z(1)/Lie Hyype ((M")®)

= Zy(1).

Again, by Lemma 4.3, the 1-motives M and M! generate Tannakian subcategories of
(M)® and so Lemma 2.1 implies that

Lie H<M>®(<Mab>®) C Lie H<M>®(<Ma>®) N Lie H<M>®(<Mt>®)
= Z(1)n(B+2(1) =2(1).
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This finishes the proof of the first, the third and the fourth short exact sequence.

According to Lemma 4.3, the 1-motives M“ and M* generate Tannakian subcate-
gories of (M)® . By construction the 1-motive M@ generates a Tannakian subcategory
of (M™®)®_ Hence in order to prove that the left vertical arrows are inclusions and that
the right vertical arrows are surjections, it is enough to apply Lemma 2.1.

The third exact sequence of the above diagram implies that the motivic Galois group
of M? is isomorphic to the quotient Lie G0t (M)/Z1(1). But, according to Proposi-
tion 4.2, Z;(1) is the derived group of Lie Gyt (M) and hence we can conclude that

(M@ is the biggest Tannakian subcategory of (M)® whose motivic Galois group is
commutative. [J

Remark 4.5. Among the non degenerate 1-motives, the 1-motive M ™ is the one
which generates the biggest Tannakian subcategory of (M)®, whose motivic Galois
group is non commutative. Recall that a 1-motive is said to be non degenerate if the
dimension of the Lie algebra W_;Lie G0t (M) is maximal (cf. 2.3 of [1]).
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