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LOCAL EXISTENCE, UNIQUENESS AND REGULARITY OF A

SPECIAL SOLUTION FOR A MIXED PROBLEM IN ELASTICITY

MUSTAPHA RAÏSSOULI AND JAOUAD OUDAANI

RÉSUMÉ. Le but de cet article est d’établir des ŕesultats d’existence locale, d’unicité
et de ŕegularit́e de solution pour un problème, eńelasticit́e tridimensionnelle, avec
conditions aux limites de type Dirichlet et Neuman.

ABSTRACT. The purpose of this paper is to give some results for local existence,
uniqueness and regularity of solution of linear and nonlinear problems in three-
dimensional elasticity with mixed Dirichlet and Neuman boundary conditions.

Introduction. In nonlinear three-dimensional elasticity, a central problem consists in
finding the equilibrium position of an elastic material subject to given internal body
forces with surface forces prescribed on part of the boundary and the displacement
given on the remainder. More precisely, letΩ be a bounded open subset ofR3 whose
boundaryΓ consists of disjoint subsetsΓ0, Γ1 such thatΓ0∩Γ1 = ∅, andΓ = Γ0∪Γ1.
The closurēΩ of Ω represents the reference configuration occupied by an homogeneous
elastic material in the abscence of applied forces. The material is subject to given body
forcesf in Ω, given surface forcesg on Γ1, and zero displacement onΓ0. When
the homogeneous elastic material is isotropic [2], the response functionΣ (or second
Piola-Kirchhoff stress) is given by:

Σ(E) = λ(trace(E))I + 2µE + o(‖E‖), (1)

where‖ · ‖ denotes any norm in the space of 3× 3 matrices,λ > 0, µ > 0 are two
constants, known as the Lamé coefficients, and

E := E(∇u) = 1/2((∇u)t(∇u) + (∇u)t +∇u)

is the nonlinear Green-Saint-Venant strain tensor,∇u is the displacement gradient.
A special physical case, occuring an important place in nonlinear elasticity, is the

Saint-Venant-Kirchhoff material whose the response function is given by the second
Piola-Kirchhoff stress tensor,

Σ(E) = λ(trace(E))I + 2µE. (2)
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The mathematical problem consists in solving a nonlinear boundary value problem,
with mixed Dirichlet and Neuman conditions, for the displacementu such that

(S)





−div((I +∇u)(Σ(E(∇u)))) = f in Ω,

((I +∇u)(Σ(E(∇u)))) · ~n = g onΓ1,

u = 0 onΓ◦ .

We limit our attention to consider only zero displacement. Note that because the Saint-
Venant-Green strain tensor is nonlinear, a problem with nonhomogeneous boundary
displacement cannot be reduced to a nonlinear problem with homogeneous boundary
displacement and non-zero body force.

The linearized mixed problem of(S) is

(S`)





−div(Σ(ε(u))) = f in Ω,

Σ(ε(u)) · ~n = g onΓ1,

u = 0 onΓ◦,

whereε(u) = 1/2(∇u + (∇u)t) is the linear Green-Saint-Venant strain.
In [2], P. G. Ciarlet has proved that the nonlinear problem(S) with Dirichlet boundary

condition (i.e.Γ1 = ∅) has a unique solution. The same problem with mixed Dirichlet
and Neuman boundary conditions is, for the moment, unsolved.

In [1], J. M. Ball introduces the notion of polyconvexity and minimises the stored
energy to study the existence of solutions to the mixed boundary value problem of
nonlinear elasticity for a wide class of hyperelastic materials, which does not include
the Saint-Venant-Kirchhoff material, because its stored energy function, as shown by
A. Raoult, is not polyconvex (then neither convex) in the space of 3×3 matrices (see [2]
and the reference therein). However, this is not a restriction for the Ball’s approach,
since P. G. Ciarlet and G. Geymonat (cf. [2] or [3]) have proved that, given two constants
λ > 0 andµ > 0, it is possible to construct a constitutive equation satisfying (2) and to
which Ball’s theory can be applied. The main difficulty is then to prove if the previous
minimum of stored energy function is a solution of the Euler’s equilibrium equations
of the system(S).

The assumptionsλ > 0 andµ > 0 satisfied by the Laḿe coefficients are two
physical conditions as shown by an experimental evidence. But many authors (see [3] for
example) included the caseλ = 0 corresponding to “limit” of Saint-Venant-Kirchhoff
material in the sense thatλ is physically very small (λ ≈ 0). Mathematically, this
“limit” case plays an important part for the two next reasons: Firstly, the Ciarlet’s
existence theory for the pure displacement problem (i.e.Γ1 = ∅) still hold under the
weaker assumptionsµ > 0 and 3λ + 2µ > 0, see [2], Chapter 6; and [5], Section 6.1.
The second reason is explained by the fact that the study of the nonlinear problem(S)
for λ = 0 is more difficult than other cases, since M. Atteia and M. Raı̈ssouli showed,
see [2] or [7], that the associated stored energy function, forλ = 0, can’t be convex,
even locally, in a neighbourhood of the point 0 which corresponds to the trifling null
solution for the simple casef = 0 andg = 0. For the previous arguments, we limit
our attention throughout the following, not to lengthen the paper, to the caseλ = 0 and
µ = 1/2 that corresponds toΣ(E) = E.
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The fundamental goal of this work is to prove, first, that the linearized mixed problem
has one and only one regular solution and so to deduce the local existence, uniqueness
and regularity of solution of the nonlinear problem with mixed conditions.

The paper is organized as follows. In Section 1 we draw a background material that
will be needed throughout the following. Section 2 describes the formulation of the
problem which we will study later. Section 3 is devoted to introduce some preliminary
results for the linearized mixed problem. In the final Section, we state our fundamental
theorem concerning the local existence, uniqueness and regularity of solution for the
nonlinear mixed problem.

1. Preliminary. In this short section, we recall some standard notation and results. For
some details, one can consult [6] for example.

Let Ω be an open bounded domain inR3 with its boundaryΓ = ∂Ω. For a given real
numbers > 0, we recall that the spaceHs(Ω) is equipped with the norm:

∥∥u
∥∥

Hs(Ω)
=


∥∥u

∥∥2
Hk(Ω)

+
∑

|α|=k

∥∥∂αu(x)− ∂αu(y)
|x− y|σ+3/2

∥∥2
L2(Ω×Ω)




1/2

, (3)

wheres = k +σ, 0 < σ < 1,k is the integer part ofs and| · | is the classical Euclidian
norm ofR3.

We say thatΓ is of classC∞, [6], if the following conditions are simultaneously
satisfied: there exist two real numbersα > 0, β > 0, the local cartesian coordinate
systems(xr1, xr2, xr3) = (x′r, xr3), and the functionsar ∈ C∞, r = 1, . . . , m, in the
bidimensional closed cube|x′r| ≤ α such that every pointx ∈ Γ can be represented in
the formx = (x′r, ar(x′r)). We suppose that the points(x′r, xr3) such that|x′r| ≤ α,
ar(x′r) < xr3 < ar(x′r) + β are inΩ, and the points(x′r, xr3) such that|x′r| ≤ α ,
ar(x′r)− β < xr3 < ar(x′r) are out ofΩ.

With the above notation, let us put4r = {x′r , |x′r| < α} and consider a functionf
defined onΓ satisfying:

f(x) := f(x′r, ar(x′r)) = fr(x′r), (4)

wherefr is defined in4r for r = 1, 2, . . . ,m.
In order to define the surface integral of a functionf , we need a partition of unity

associated with the covering of the boundaryΓ by the open sets:

Ur = {(x′r, xr3), |x′r| < α, ar(x′r)− β < xr3 < ar(x′r) + β},
that is, a family of functionψr : R3 −→ R, that satisfy:

suppψr ⊂ Ur, 0≤ ψr ≤ 1 for r = 1, . . . ,m, and
m∑

r=1

ψr(x) = 1 for all x ∈ Γ,

with ψr ∈ D(Γ) space of functions infinitely differentiable of compact support.
Then, we define

∫

Γ
fdσ =

m∑

r=1

∫

4r

f(x′r, ar(x′r))ψr(x′r, ar(x′r))

(
1 +

2∑

i=1

(
∂ar

∂xri

)2

)1/2

dx′r.
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With the above notations, we define the spaceL2(Γ) by

f ∈ L2(Γ) ⇐⇒
∫

Γ
|f |2dσ < +∞,

andL2(Γ) can be equipped with the norm:

|f |L2(Γ) =
(∫

Γ
|f |2dσ

)1/2

,

which according to [6, page 120], is equivalent to the next one

∥∥f
∥∥

L2(Γ)
=

(
m∑

r=1

∫

4r

|f(x′r, ar(x′r))|2dx′r

)1/2

.

As is pointed out in [6], we notice that the previous norms are independent of the local
coordinate systems considered and independent of the associated partition of unity.

Endowed with‖ · ‖L2(Γ) (or | · |L2(Γ)), L2(Γ) is a reflexive and separable Banach
space

In order to simplify the statement below, we use the‖ · ‖L2(Γ) norm.
Similarly to the above definitions, the spaceHs(Γ) is defined by:

f ∈ Hs(Γ) ⇐⇒ fr ∈ Hs(4r),

for everyr = 1, 2, . . . ,m and we can define onHs(Γ) the following norm:

∥∥f
∥∥

Hs(Γ)
=

(
m∑

r=1

∥∥fr

∥∥2
Hs(4r)

)1/2

,

for whichHs(Γ) is a reflexive and separable Banach space.

2. Formulation of the problem. In what follows, we describe brievly the mathematical
model of the problem which we shall study later. For further details, we refer the reader
to [2] and the rich reference therein.

Throughout this paper,Ω ⊂ R3 is a nonempty bounded open domain with its
boundaryΓ = ∂Ω of classC∞, we assume thatΓ = Γ0 ∪ Γ1 whereΓ◦ andΓ1 are two
measurable portions ofΓ with Γ0 ∩ Γ1 = ∅.

Let f ∈ (H1(Ω))3 andg ∈ (H3/2(Γ1))3. In order to fix ideas, and for the reasons
explained in the above first section, we will study the problem(S) for the Saint-Venant-
Kirchhoff material with limiting valuesλ = 0 andµ = 1/2. This restriction, adopted
only for simplicity, can be relaxed and the general case treated similarly. Our problem
is then formulated as follows:

Findu ∈ (H3(Ω))3 such that

(P )





−div((I +∇u)(E(∇u))) = f in Ω,

((I +∇u)(E(∇u))) · ~n = g onΓ1,

u = 0 onΓ0,
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where, as already noted,

E(∇u) = 1/2((∇u)t(∇u) + (∇u)t +∇u),

is the nonlinear Green-Saint-Venant strain and~n the exterior normal vector toΓ.
The linearised problem of(P ) is the following:
Findu ∈ (H3(Ω))3 such that

(P`)





−div(ε(u)) = f in Ω,

(ε(u)) · ~n = g onΓ1,

u = 0 onΓ0,

where
ε(u) = (εij(u))1≤i,j≤3 = 1/2(∇u + (∇u)t),

is the linear Green-Saint-Venant strain.

3. Existence, uniqueness and regularity of solution for(P`). We start by stating
some results for the linearized problem(P`) which will allow us to study the nonlinear
mixed problem(P ). For this, we need additional notation. Let us put:

V = {v ∈ (H1(Ω))3 | v = 0 onΓ0}
V1 = {v = (v1, v1, v1) ∈ (H1(Ω))3 | v = 0 onΓ0}

Clearly,V1 ⊂ V andV1, V are two closed vector subspaces of(H1(Ω))3.
For everyv ∈ (H1(Ω))3 we define

|ε(v)|2◦,Ω =
3∑

i,j=1

∫

Ω
(εij(v))2.

With the above definitions, we have the next proposition.

Proposition 3.1. The semi-norm|ε( · )|◦,Ω is a norm inV1 equivalent to the norm
‖ · ‖(H1(Ω))3 of (H1(Ω))3.

Proof. SinceV1 ⊂ V and|ε( · )|◦,Ω is a norm inV (see [2, Chapter 6]), equivalent to
the norm of(H1(Ω))3, the desired result follows.¤
Proposition 3.2. Letf ∈ (L2(Ω))3 andg ∈ (L2(Γ1))3, then the problem(P`) has one
and only one solutionu ∈ V1 satisfying:

∀ v ∈ V1 , a(u, v) = L(v),

where

a(u, v) =
3∑

i,j=1

∫

Ω
εij(u)εij(v),

and

L(v) =
∫

Ω
f · v +

∫

Γ1

g · v.
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Proof. Let u, v ∈ (H1(Ω))3, by using the Green’s formula and the symmetry ofε( · ),
we have:

a(u, v) =
3∑

i,j=1

∫

Ω
εij(u)εij(v) =

∫

Ω
f · v +

∫

Γ1

g · v = L(v).

Let us consider the mapping:

j : V1 ⊂ (H1(Ω))3 −→ R
u 7−→ j(u) = (1/2)a(u, u)− L(u)

It is easy to see thatj is a continuous convex and coercive functional. The space
(H1(Ω))3 is reflexif, we conclude thatj attains its minimum in the closed spaceV1.

Sincea(·, ·) is coercive then the minimum ofj is unique and satisfiesa(u, v) = L(v),
for all v ∈ V1. This concludes the proof.¤

Now, we are in a position to state our first lemma which will be needed in the sequel.

Lemma 3.1. Letg ∈ (H1/2(Γ1))3 andu = (u1, u1, u1) ∈ V1 that satisfyε(u)·~n = g. If
we assume that the exterior normal vector~n = (n1, n2, n3) is such thatn1+n2+n3 6= 0
in Γ1, then∇u1 ∈ (H1/2(Γ1))3.

Proof. Let u = (u1, u1, u1) ∈ V1, we have successively

ε(u) · ~n = g ⇐⇒ ∀ i = 1, 2, 3
3∑

j=1

εij(u)nj = gi ⇐⇒ AU = g,

whereU = (∂1u1, ∂2u1, ∂3u1) and A = (aij)1≤i,j≤3 with a11 = 2n1 + n2 + n3,
a22 = 2n2 + n1 + n3, a33 = n1 + n2 + 2n3, a21 = a31 = n1, a32 = a12 = n2,
a13 = a23 = n3.

The linear systemAU = g has one and only one solutionU if and only if detA =
(n1 + n2 + n3)3 6= 0, and in this caseU = A−1g ∈ (H1/2(Γ1))3. This concludes the
proof. ¤
Example 3.1. We state an example illustrating the hypothesis of the previous lemma.
Let Ω be the interior of the following cylinder:

OO
z

OO

//
y

//

zz
x

u

u

u

u

u

u

u

u

uzzuu

u
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f

f
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f
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²² ~n

uu
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k

k

k

k

k
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Here, we have~n = (0, 0,−1) and∂1u1 = −2g1+g3,∂2u1 = −2g2+g3,∂3u1 = −g3.

Now, using the above results we shall prove the following theorem.
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Theorem 3.1. Let f ∈ (H1(Ω))3 andg ∈ (H1/2(Γ1))3. Assume thatΓ1 satisfies the
condition of Lemma 3.1 andsupΓ1

|g| < +∞, then the solutionu ∈ V1 of the linear
mixed problem(P`) belongs to(H2(Ω))3.

Proof. By Proposition 3.2, letu = (u1, u1, u1) ∈ V1 be the solution of(Pl) problem.
Sinceε(u) · ~n = g in Γ1, Lemma 3.1 yields∂iu1 ∈ H1/2(Γ1) for i = 1, 2, 3. Because
Γ is of classC∞, let (xr1, xr2, xr3) be a cartesian coordinate systems such that:

Γ1 ⊂
m′⋃

r=1

{(x′r, ar(x′r)) , x′r ∈ 4r},

and

Γ0 ⊂
m⋃

r=m′+1

{(x′r , ar(x′r)), x′r ∈ 4r}.

We shall show thatu|Γ1
∈ (H3/2(Γ1))3. First, we have

∥∥u
∥∥2

(H3/2(Γ1))3 =
3∑

i=1

∥∥ui

∥∥2
H3/2(Γ1)

= 3
∥∥u1

∥∥2
H3/2(Γ1)

,

and, (3) with an elementary transformation yields

∥∥u1
∥∥2

H3/2(Γ1)
=

m′∑

r=1

∥∥(u1)r

∥∥2
H3/2(4r)

=
m′∑

r=1

(∥∥(u1)r

∥∥2
L2(4r)

+
∥∥∇(u1)r

∥∥2
(H1/2(4r))2

)
.

Knowing thatu|Γ1
∈ (H1/2(Γ1))3, we deduce, by definition, that(u)r ∈ (L2(4r))3

and thus(u1)r ∈ L2(4r).
Due to relation (4), we can write

∂j((u1)r) = (∂ju1)r + (∂3u1)r∂jar, j = 1, 2. (5)

Then, there existsC1 > 0 such that

∥∥∇((u1)r)
∥∥2

(H1/2(4r))2 =
2∑

k=1

∥∥∂k((u1)r)
∥∥2

H1/2(4r)

=
2∑

k=1

∥∥(∂ku1)r + (∂3u1)r∂kar

∥∥2
H1/2(4r)

≤ C1

2∑

k=1

(∥∥(∂ku1)r

∥∥2
H1/2(4r)

+
∥∥(∂3u1)r∂kar

∥∥2
H1/2(4r)

)
.

Since∂ku1 ∈ H1/2(Γ1) for k = 1, 2 then(∂ku1)r ∈ H1/2(4r).
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Moreover, with (3) we can write (k = 1, 2):
∥∥(∂3u1)r∂kar

∥∥2
H1/2(4r)

=
∥∥(∂3u1)r∂kar

∥∥2
L2(4r)

+
∥∥∥(∂3u1(x))r∂kar(x)− (∂3u1(y))r∂kar(y)

|x− y|2
∥∥∥

2

L2(4r×4r)

≤ C2
∥∥(∂3u1)r

∥∥2
L2(4r)

+
∥∥∥(∂3u1(x))r∂kar(x)− (∂3u1(y))r∂kar(y)

|x− y|2
∥∥∥

2

L2(4r×4r)

whereC2 = sup
4r,k=1,2

|∂kar|, and, there existsC3 > 0 such that

∥∥∥(∂3u1(x))r∂kar(x)− (∂3u1(y))r∂kar(y)
|x− y|2

∥∥∥
2

L2(4r×4r)

≤ C3

(∥∥∥(∂kar(x)− ∂kar(y))(∂3u1(y))r

|x− y|2
∥∥∥

2

L2(4r×4r)

+
∥∥∥((∂3u1(x)− ∂3u1(y))r)∂kar(x)

|x− y|2
∥∥∥

2

L2(4r×4r)

)
.

It becomes that∥∥∥(∂3u1(x))r∂kar(x)− (∂3u1(y))r∂kar(y)
|x− y|2

∥∥∥
2

L2(4r×4r)

≤ C3 sup
4r

∣∣(∂3u1)r

∣∣
∥∥∥∂kar(x)− ∂kar(y)

|x− y|2
∥∥∥

2

L2(4r×4r)

+ C2C3

∥∥∥
(

∂3u1(x)− ∂3u1(y)
|x− y|2

)

r

∥∥∥
2

L2(4r×4r)
.

For i = 1, 2, 3, supΓ1
|gi| < +∞, using Lemma 3.1 we obtain sup4r

|(∂3u1)r| < +∞,
and with (3) (

∂3u1(x)− ∂3u1(y)
|x− y|2

)

r

∈ L2(4r ×4r).

Sincear ∈ C∞(4r), then∂kar ∈ H1/2(4r) and

∂kar(x)− ∂kar(y)
|x− y|2 ∈ L2(4r ×4r).

We conclude that∇((u1)r) ∈ (H1/2(4r))2, i.e. (u1)|Γ1
∈ H3/2(Γ1), or againu|Γ1

∈
(H3/2(Γ1))3. Summarizing the previous results, with the fact thatu|Γ0

= 0, we have

∥∥u
∥∥2

(H3/2(Γ))3 =
m∑

r=1

∥∥u
∥∥2

(H3/2(4r))3 =
m′∑

r=1

∥∥u
∥∥2

(H3/2(4r))3,

and consequently, we have establish thatu ∈ (H3/2(Γ))3.
The operator−div(ε( · )) is strongly elliptic,f ∈ (H1(Ω))3 andu ∈ (H1(Ω))3, we

deduce that (see [4, page 166])u ∈ (H2(Ω))3 and the desired result is obtained.¤
The following theorem, which gives more regularity than the previous one, will

enable us to study the nonlinear mixed problem(P ).
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Theorem 3.2. Let f ∈ (H1(Ω))3 andg ∈ (H1/2(Γ1))3. Assume thatΓ1 satisfies the
condition of Lemma 3.1,supΓ1

|g| < +∞, ∇g ∈ (H1/2(Γ1))9 andsupΓ1
|∇g| < +∞.

Then the solutionu ∈ V1 of the linear problem(P`) is in (H3(Ω))3.

Proof. Let u = (u1, u1, u1) ∈ V1 be the solution of(P`). First, we will prove that
u|Γ1

∈ (H5/2(Γ1))3. In fact, one has

∥∥u
∥∥2

(H5/2(Γ1))3 =
3∑

i=1

∥∥ui

∥∥2
H5/2(Γ1)

= 3
∥∥u1

∥∥2
H5/2(Γ1)

and, a simple transformation gives

∥∥u1
∥∥2

H5/2(Γ1)
=

m′∑

r=1

(∥∥(u1)r

∥∥2
H1(4r)

+
∑

|α|=2

∥∥∂α((u1)r)
∥∥2

H1/2(4r)

)
.

According to the proof of Theorem 3.1, we have(u1)r ∈ H1(4r).
Now, we show that for|α| = 2,∂α((u1)r) ∈ H1/2(4r), i.e.∂kl((u1)r) ∈ H1/2(4r)

for all k, ` = 1, 2. Using (5), an elementary check yields:
∥∥∂k`((u1)r)

∥∥2
H1/2(4r)

=
∥∥(∂k` u1)r + (∂3` u1)r∂k` ar + (∂33u1)r∂k` ar

+ (∂3ku1)r∂` ar + (∂3u1)r∂k` ar

∥∥2
H1/2(4r)

,

from which we deduce, there existsC > 0 such that

∥∥∂k`((u1)r)
∥∥2

H1/2(4r)
≤ C

(∥∥(∂klu1)r

∥∥2
H1/2(4r)

+
∥∥(∂3lu1)r∂klar

∥∥2
H1/2(4r)

+
∥∥(∂33u1)r∂k` ar

∥∥2
H1/2(4r)

+
∥∥(∂3ku1)r∂` ar

∥∥2
H1/2(4r)

+
∥∥(∂3u1)r∂k` ar‖2

H1/2(4r)

)
.

Similarly to the proof of Theorem 3.1, we establish that

(∂klu1)r ∈ H1/2(4r), (∂3lu1)r∂klar ∈ H1/2(4r), (∂33u1)r∂klar ∈ H1/2(4r),

(∂3ku1)r∂lar ∈ H1/2(4r) and (∂3u1)r∂klar ∈ H1/2(4r).

In summary, we have showed that∂k`((u1)r) ∈ H1/2(4r), that is for |α| = 2,
(∂α((u1)r)) ∈ H1/2(4r), and consequentlyu1 ∈ H5/2(Γ1). Sinceu|Γ0

= 0, we have
‖u‖(H5/2(Γ1))3 = ‖u‖(H5/2(Γ))3, and thenu ∈ (H5/2(Γ))3.

The operatoru −→ −div(∇u) is strongly elliptic,u ∈ (H5/2(Γ))3, u ∈ (H1(Ω))3

andf ∈ (H1(Ω))3, we deduce (see [4, page 166]) thatu ∈ (H3(Ω))3, and Theorem 3.2
is proved. ¤
4. Existence and uniqueness solution for the problem(P ). As already pointed, our
aim in this section is to study the nonlinear mixed problem(P ). Combining the results
of the previous section, we shall prove the next theorem which is the original motivation
of this paper.
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Theorem 4.1. Let f ∈ (H1(Ω))3 and g ∈ (H1/2(Γ1))3. Assume thatΓ1 verifies the
condition of Lemma 3.1,∇g ∈ (H1/2(Γ1))9, supΓ1

|g| < +∞ andsupΓ1
|∇g| < +∞. If

moreover‖f‖(H1(Ω))3 and‖g‖(H3/2(Γ1))3 are small, then the nonlinear mixed problem

(P ) has one and only one solutionu ∈ V2 := V1 ∩ (H3(Ω))3 of small norm.

Proof. Let us put thatA1u = (I +∇u)E(∇u). According to [2] with the continuous
injectionH2(Ω) ↪→ C◦(Ω̄), we deduce that the following linear operator

Ã1 : V2 −→ (H1(Ω))3

u −→ −div(A1u)

is defined and infinitely Fréchet differentiable, and̃A1(0) = 0.
Now, letÃ2u = A1u · ~n where

Ã2 : V2 −→
(
H2(Ω)

)3 −→ (H3/2(Γ1))3

u −→ A1u −→ A1u · ~n

By the same arguments as previous, the operatorA1 is defined and infinitely Fréchet
differentiable, the linear operator “ trace” is continuous, then the operatorÃ2 is defined
and infinitely Fŕechet differentiable withÃ2(0) = 0.

We putDu = (Ã1u, Ã2u), whereD′(u)(0) = (−div(ε(u), ε(u) · ~n) is a continuous
linear operator. Due to Theorem 3.2, the linear problem(P`) has one and only one
solutionu ∈ V2 and soD′(u)(0) is bijective.

By virtue of the closed graph theorem, we can deduce that

D′(u)(0) ∈ isom(V2, (H1(Ω))3 × (H3/2(Γ1))3) .

According to the implicit function theorem, there exist a neighbourhoodW1 of 0 in
V2 and a neighbourhoodW2 of 0 in (H1(Ω))3 × (H3/2(Γ1))3 such that for every
(f1, g1) ∈ W2 the problemDu = (f1, g1) has one and only one solutionu ∈ W1.

Since‖f‖(H1(Ω))3 and‖g‖(H3/2(Γ1))3 are small, we conclude that the problemDu =
(f, g) has one and only one solutionu ∈ V2 of small norm, i.e. the nonlinear mixed
problem(P ) has a unique solutionu ∈ V2 of small norm. This completes the proof.¤

An immediate consequence of Theorem 4.1 is the next corollary.

Corollary 4.1. LetΓ1 as in Lemma 3.1 and suppose thatf = 0 andg = 0. Thenu = 0
is the unique solution inV2 for the problem(P ).

Acknowledgements.The authors are grateful to the two anonymous referees for their
helpful comments and suggestions.

Résuḿe substantiel en français.Soit Ω ⊂ R3 un ouvert borńe de frontìereΓ = ∂Ω
suffisamment ŕegulìere. On suppose queΓ = Γ0∪Γ1 avecΓ0 etΓ1 deux portions deΓ
telles queΓ0 ∩ Γ1 = ∅.

Soientf ∈ (H1(Ω))3 et g ∈ (H3/2(Γ1))3 donńes. On consid̀ere le probl̀eme mixte
(non linéaire) suivant :
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Trouveru ∈ (H3(Ω))3 tel que

(P )





−div((I +∇u)(E(∇u))) = f dansΩ,

((I +∇u)(E(∇u))) · ~n = g surΓ1,

u = 0 surΓ0

où
E(∇u) = 1/2((∇u)t(∇u) + (∇u)t +∇u)

est le tenseur (non lińeaire) de Green-Saint-Venant et~n est le vecteur normal exterieur
àΓ. Le probl̀eme mixte lińeariśe de(P ) est :

Trouveru ∈ (H3(Ω))3 satisfaisant

(P`)





−div(ε(u)) = f dansΩ,

(ε(u)) · ~n = g surΓ1,

u = 0 surΓ0

où
ε(u) = (εij(u))1≤i,j≤3 = 1/2(∇u + (∇u)t),

est le tenseur lińeaire de Green-Saint-Venant.
Les probl̀emes(P ) et(P`) occupent une place importante enélasticit́e tridimension-

nelle. Dans [2], P. G. Ciarlet a montré que le probl̀eme mixte non lińeaire(P ) avec
condition de Dirichlet (c’est-̀a-direΓ1 = ∅) admet, au voisinage de 0, une solution
unique lorsque la force de volumef est de norme assez petite. Un tel problème avec
conditions mixtes (de Dirichlet et Neuman) est, jusqu’à pŕesent, encore ouvert.

Le but de ce travail est de montrer, d’abord, que le problème mixte lińeaire(P`) admet
une solution unique régulìere, et d’en d́eduire ensuite l’existence (locale), l’unicité et
la régularit́e de solution du problème mixte non lińeaire(P ).

Avant d’enoncer nos résultats, nous avons besoin de préciser quelques notations
utiles par la suite.

Soient
V = {v ∈ (H1(Ω))3 | v = 0 surΓ0}

V1 = {v = (v1, v1, v1) ∈ (H1(Ω))3 | v = 0 surΓ0}.
Il est clair queV1 ⊂ V et queV1, V sont deux sous-espaces fermés de(H1(Ω))3. Nous
avons besoin de faire l’hypothèse suivante :

(H) Pour g ∈ (H1/2(Γ1))3 et u = (u1, u1, u1) ∈ V1 tel queε(u) · ~n = g, on
supposera que le vecteur normal exterieur~n = (n1, n2, n3) satisfaitn1 + n2 +
n3 6= 0 surΓ1.

Notre premier ŕesultat fondamental est le suivant :

Théorème 3.2.Soientf ∈ (H1(Ω))3 etg ∈ (H1/2(Γ1))3. Supposons que l’hypothèse
(H) soit satisfaite et que,supΓ1

|g| < +∞, ∇g ∈ (H1/2(Γ1))9 et supΓ1
|∇g| < +∞.

Alors le probl̀eme mixte lińeaire (P`) admet une solution unique dansu ∈ V2 :=
V1 ∩ (H3(Ω))3.

Utilisant le th́eor̀eme des fonctions implicites, le résultat pŕećedent nous permet de
déduire le suivant :
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Théorème 4.1.Soientf ∈ (H1(Ω))3 et g ∈ (H1/2(Γ1))3. Outre l’hypoth̀ese (H), on
suppose que,∇g ∈ (H1/2(Γ1))9, supΓ1

|g| < +∞ et supΓ1
|∇g| < +∞. Si de plus

‖f‖(H1(Ω))3 et‖g‖(H3/2(Γ1))3 sont assez petits, alors le problème mixte non lińeaire(P )
admet une solution et une seuleu ∈ V2 := V1 ∩ (H3(Ω))3 de norme assez petite.
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