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EXPANSIONS IN EVEN GENERALIZED

SPHERICAL HARMONICS IN Rk+1

JEAN-PIERRE LOKEMBA LIAMBA

RÉSUMÉ. On d́emontre que les produits de polynômes de Jacobi, lorsque trans-
formés des coordonnées sph́eriques aux coordonnées cart́esiennes, forment une
base orthonorḿee du sous-espace deL2

d(S
k
+) compośe des fonctions sphériques har-

moniques ǵeńeraliśees d’ordre pair. Nouśetudions ensuite les problèmes int́erieurs
et ext́erieurs de Dirichlet sur la sphère unitaire de dimensionk.

ABSTRACT. It is shown that the products of Jacobi polynomials transformed from
spherical coordinates system to cartesian coordinates system form an orthonormal
basis of the subspaceKk+1

m of even generalized spherical harmonics inL2
d(S

k
+).

The interior and exterior Dirichlet problems onk-dimensional unit sphere are then
investigated.

1. Introduction. We consider Dunkl’s equation

∆ρu :=
k∑

j=0

D2
ju = 0, (1)

whereDj is a modification of thejth partial derivative

Dju(x) := ∂ju(x) +
(

ρj − 1
2

)u(x)− u(σjx)
xj

, x = (x0, . . . , xk) ∈ Rk+1,

andσj : Rk+1 → Rk+1 denotes the reflection

σj(x0, . . . , xk) = (x0, . . . , xj−1,−xj , xj+1, . . . , xk).

The parametersρ0, . . . , ρk in the functional-differential equation (1) are assumed to
be positive. We consider these parameters to be fixed and usually do not indicate the
dependence onρ0, . . . , ρk in our notations. Equation (1) reduces to the Laplace equation

∆u = 0 (2)

whenρ0 = ρ1 = · · · = ρk = 1
2.

Reçu le 9 f́evrier 2004 et, sous forme définitive, le 26 juillet 2004.
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178 Expansions in even generalized spherical harmonics in Rk+1

It is well-known that an orthogonal basis in the space of spherical harmonics of
a given degreen can be found by applying the method of separation of variables to
equation (2) in spherical coordinates. We cannot directly apply the method of separation
of variables to equation (1). We first restrict our attention to even functionsu, that
is, u(x) = u(σj(x)) for all j = 0, . . . , k. Then equation (1) reduces to the partial
differential equation

Lu(x) := ∆u(x) +
∞∑

j=0

(2ρj − 1
xj

)
∂uj(x) = 0 . (3)

We introduce the spherical coordinates(η0, η1, . . . , ηk) in Rk+1
+ = {(x0, . . . , xk) :

xi > 0 for all i}. For a given point(x0, . . . , xk) ∈ Rk+1
+ , its spherical coordinates,

η0 > 0 and 0< ηi < 1 for 1≤ i ≤ k, are defined by

η0 =
k∑

i=0

x2
i

ηj+1 =
x2

j∑k
s=j x2

s

, 0≤ j ≤ k − 1.

(4)

Then the cartesian coordinates are given by

x2
0 = η0η1

x2
p = η0ηp+1

p∏

s=1

(1− ηs) , 1≤ p ≤ k − 1

x2
k = η0

k∏

s=1

(1− ηs).

(5)

This paper is organized as follows. In section 2, the operatorL is transformed from
cartesian coordinates to spherical coordinates. The operatorL is then separated tok + 1
differential equations. In section 3, we show how separation of variables in spherical
coordinates leads to expressions of generalized spherical harmonics in terms of Jacobi
polynomials. In section 4, we show that the products of solutions ofk + 1 differential
equations form indeed an orthonormal basis in the spaceKk+1

m of even generalized
spherical harmonics.

In section 5, we investigate the interior and exterior Dirichlet problems for the
equation (3) on thek-dimensional sphereSk = {(x0, . . . , xk) ∈ Rk+1 :

∑k
i=0 x2

i = 1}
by infinite series expansions in even generalized spherical harmonics.

2. Transformation and separation of the operatorL in spherical coordinates. We
use relations (4) and chain rule to rewrite the equationLu = 0 in spherical coordinates
asLv = 0 wherev(η0, η1, . . . , ηk) = u(x0, x1, . . . , xk):

k∑

j=0

k∑

i=0

{
∂v

∂ηi

∂2ηi

∂xj
2 +

k∑

`=0

∂ηi

∂xj

∂η`

∂xj

∂2v

∂η`ηi
+

2ρj − 1
xj

∂v

∂ηi

∂ηi

∂xj

}
= 0 (6)



J.-P. Lokemba Liamba 179

where
k∑

j=0

∂ηi

∂xj
∂η`
∂xj

= 0 if i 6= `.

We look for the solutions to (6) in the formv(η0, η1, . . . , ηk) = v0(η0)v1(η1)· · · vk(ηk).
According to Schmidt and Wolf [11], separation of variables for (6) leads to the

following k + 1 ordinary differential equations:

η2
0v
′′
0 +

(
k∑

i=0

ρi

)
η0v

′
0 + λk−1v0 = 0, (7)

ηj(1− ηj)

{
v′′j +

(
ρj−1

ηj
−

∑k
t=j ρt

1− ηj

)
v′j

}
+ (−1)j

(
λk−j +

λk−j−1

1− ηj

)
vj = 0 (8)

with vj = vj(ηj) for 1≤ j ≤ k and whereλ0, . . . , λk−1 are separation parameters. We
setλ−1 = 0.

3. Separated solutions of the operatorL. The parametersλ0, λ1, . . . , λk−1 will be
chosen in such a way that (7) and (8) admit solutions which are nonzero polynomials.

For 0≤ i ≤ k − 1, mi ∈ Z (the set of integers) and 0≤ mk−1 ≤ · · · ≤ m0, we set

λk−1 = −m0

(
m0 +

k∑

t=0

ρt − 1

)
, m0 ≥ 0

λk−2 = −m1

(
m1 +

k∑

t=1

ρt − 1

)
, m0 ≥ m1

λk−3 = −m2

(
m2 +

k∑

t=2

ρt − 1

)
, m1 ≥ m2

...

λ1 = −mk−2

(
mk−2 +

k∑

t=k−2

ρt − 1

)
, mk−3 ≥ mk−2

λ0 = −mk−1

(
mk−1 +

k∑

t=k−1

ρt − 1

)
, mk−2 ≥ mk−1 ≥ 0 .

Then the Euler equation (7) has the polynomial solution

v0(η0) = ηm0
0 . (9)

For each 1≤ j ≤ k−1,k ≥ 2, equation (8) is hypergeometric. Its polynomial solution
is an hypergeometric function inηj . In here we identify them as Jacobi polynomial in
the variable 1− 2ηj . Specifically we have, forj = 1, . . . , k − 1, k ≥ 2,

vj(ηj) = (1− ηj)mjP
(ρj−1−1, 2mj+

Pk
t=j ρt−1)

mj−1−mj
(1− 2ηj). (10)
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For j = k, the solution of (8) is the Jacobi polynomial:

vk(ηk) = P
(ρk−1−1, ρk−1)
mk−1 (1− 2ηk). (11)

If we setmk = 0, then (11) is a special case of (10). Therefore a solution of (6) is the
product

v(η0, η1, . . . , ηk) =
k∏

i=0

vi(ηi). (12)

Form = (m0,m1, . . . , mk−1), we introduce the following notations:

v0(η0) = Jm0
m,0(η0)

vi(ηi) = J
mi−1
m,i (ηi) for 1≤ i ≤ k,

Jm(η) =
k∏

i=1

J
mi−1
m,i (ηi).

(13)

By (13) the polynomialJmi−1
m,i (ηi) is of degreemi−1 in the variablesηi for i = 1, . . . , k.

Lemma 3.1. The productsJm0
m,0(η0)

∏k
i=1 J

mi−1
m,i (ηi) are homogeneous polynomials in

Cartesian coordinates(x0, . . . , xk) of degreem0 in variablesx2
0, . . . , x

2
k.

Proof. Let

q1 = m0 −m1 ≥ 0, . . . , qk−1 = mk−2 −mk−1 ≥ 0, qk = mk−1

and, forj = 1, . . . , k,

bj = mj−1 + mj +
k∑

t=j−1

ρt − 1, cj = ρj−1, `j =
(−1)qj (ρj−1)qj

Γ(qj + 1)
.

Then we may use the properties of hypergeometric functions to rewrite equations (10)
and (11) as follows:

J
mj−1
m,j (ηj) = `j(1− ηj)mj

2F1(mj −mj−1,mj + mj−1

k∑

t=j−1

ρt − 1;ηj)

= `j(1− ηj)mj
2F1(−qj , bj ; cj ; ηj)

= `j(1− ηj)mj

qj∑

pj=0

(−qj)pj (bj)pj

(cj)pjΓ(pj + 1)
η

pj

j

where2F1(a, b; c; x) denotes the hypergeometric series where the suffixes 2 and 1 are
two parameters of the typea and one of the typec. The productJm0

m,0(η0)Jm(ηi) is
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computed as follows:

f(η) = ηm0
0

k∏

j=1

`j(1− ηj)mj
2F1(−qj , bj ; cj ; ηj)

= ηm0
0

k∏

j=1

[
`j(1− ηj)mj

qj∑

pj=0

(−qj)pj (bj)pj

(c)pjΓ(pj + 1)
η

pj

j

]

=
k∏

j=1

[
`j(1− ηj)mj

qj∑

pj=0

(−qj)pj (bj)pj

(cj)pjΓ(pj + 1)
η

pj

j ηm0
0

]

=
k∏

j=1

[ qj∑

pj=0

`j(−qj)pj (bj)pj

(cj)pjΓ(pj + 1)
η

pj

j (1− ηj)mjηm0
0

]

=
k∏

s=1

[ qs∑

ps=0

( k∏

j=1

`j(−qj)pj (bj)pj

(cj)pjΓ(pj + 1)

)

︸ ︷︷ ︸
Ap

ηps
s (1− ηs)msηm0

0

]

=
k∏

s=1

qs∑

ps=0

Ap ηm0
0 ηps

s (1− ηs)ms .

We setzj = x2
j for j = 0, . . . , k, and use the relations (4) to rewrite the productf(η) as

f(z) =
q1∑

p1=0

· · ·
qk∑

pk=0

Ap zp1
0 · · · zpk

k−1

(
k∑

s=0

zs

)m0−m1−p1

×

(
k∑

s=1

zs

)m1−m2−p2

× · · · ×
(

k∑

s=k−1

zs

)mk−1−mk−pk

=
q1∑

p1=0

· · ·
qk∑

pk=0

Ap zp1
0

(
k∑

s=0

zs

)m0−m1−p1

×

zp2
1

(
k∑

s=1

zs

)m1−m2−p2

× · · · × zpk
k−1

(
k∑

s=k−1

zs

)mk−1−mk−pk

=
qk∑

pk=0

· · ·
q2∑

p2=0




q1∑

p1=0

Apz
p1
0

(
k∑

s=0

zs

)m0−m1−p1

×

zp2
1

(
k∑

s=1

zs

)m1−m2−p2

× · · · × zpk
k−1

(
k∑

s=k−1

zs

)mk−1−mk−pk

.
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We computef(rz)

f(rz) =
q1∑

p1=0

· · ·
qk∑

pk=0

Ap(rz0)p1

(
k∑

s=0

(rzs)

)m0−m1−p1

(rz1)p2×

(
k∑

s=1

(rzs)

)m1−m2−p2

× · · · × (rzk−1)pk

(
k∑

s=k−1

(rzs)

)mk−1−mk−pk

= rm0

qk∑

pk=0

· · ·
q2∑

p2=0




q1∑

p1=0

Apz
p1
0

(
k∑

s=0

zs

)m0−m1−p1

×

zp2
1

(
k∑

s=1

zs

)m1−m2−p2

× · · · × zpk
k−1

(
k∑

s=k−1

zs

)mk−1−mk−pk

= rm0f(z).

Hence the polynomialf(z) is homogeneous of degreem0 in the variablesz0, . . . , zk.
That concludes the proof.¤
4. Orthogonality. We are going to show that the system of products

v1(η1)v2(η2) · · · vk(ηk), ηj ∈ (0, 1)

of polynomials is mutually orthogonal over the subset

Q = (0, 1)× (0, 1)× (0, 1)× · · · × (0, 1)︸ ︷︷ ︸
k times

= (0, 1)k (14)

of the Cartesian spaceRk with respect to the continuous, integrable, and positive weight
function

w(η1, . . . , ηk) = η
ρk−1−1
k

(
1− ηk

)ρk−1
k−1∏

`=1

η
ρ`−1−1
`

(
1− η`

)Pk
t=` ρt−1 (15)

wherew(η1, . . . , ηk) = wk(ηk)w1(η1) · · ·wk−1(ηk−1).
Let L2

w(Q) be the space of measurable functionsf : Q → R with
∫

Q
w(η)f2(η) dη < ∞, η = (η1, . . . , ηk).

The spaceL2
w(Q) is equipped with the inner product

〈f, g〉w =
∫

Q
w(η)f(η)g(η) dη (16)

and norm

‖f‖w =
(∫

Q
w(η)f(η)2 dη

) 1
2 =

(〈f, f〉w
) 1

2 (17)

turning it into a Hilbert space.
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Theorem 4.1. If m = (m0, . . . ,mk−1) and` = (`0, . . . , `k−1) are two distinct multi-
indices, then ∫

Q
w(η)Jm(η)J `(η) dη = 0 . (18)

Proof. For any multi-indicesm and`, we have

∫

Q
w(η)Jm(η)J `(η) dη =

∫
· · ·

∫

(0,1)k

k∏

i=1

wi(ηi)
k∏

i=1

J
mi−1
m,i (ηi)

k∏

i=1

J
`i−1
`,i (ηi) dη

=
k∏

i=1

∫ 1

0
wi(ηi)J

mi−1
m,i (ηi)J

`i−1
`,i (ηi) dηi .

If m 6= `, let j be the largest integer in{1, . . . , k} for which mj−1 6= `j−1. By the
properties of Jacobi polynomials, the integral involvingηj is then equal to zero. This
completes the proof. ¤

For 0 ≤ mk−1 ≤ mk−2 ≤ · · · ≤ m0, the functionJm0
m,0(η0)

∏k
i=1 J

mi−1
m,i (ηi)

when transformed to coordinatesx0, x1, . . . , xk is an homogeneous polynomial in
x2

0, x
2
1, . . . , x

2
k of degreem0 (Lemma 3.1) and it solvesLu = 0. Thus it is inKk+1

m0
, the

space of even generalized harmonics.
For a fixedm0, letMm0 be the set of multi-indicesm = (m1, . . . ,mk−1) of nonneg-

ative integers such thatmk−1 < mk−2 ≤ · · · ≤ m0. Givenm0, Theorem 4.1 shows that
the system

{
Jm(η), m ∈ Mm0

}
is linearly independent. Hence, since the dimension

of Kk+1
m0

is equal to the cardinality
(
m0+k−1

k−1

)
of the setMm0, this system forms a basis.

We define the constantpm =
∏k

j=1 pmj−1,mj (wheremk = 0) by

pmj−1,mj =

(
1

2mj−1 + ρj−1 +
∑k

t=j ρt − 1

)

×
(

Γ(mj−1 −mj + ρj−1)
Γ(mj−1 −mj + 1)

)

×
(

Γ(mj−1 + mj +
∑k

t=j ρt)

Γ(mj−1 + ρj−1 + mj +
∑k

t=j ρj − 1)

)

whenj = 1, . . . , k − 1 and

pmk−1,mk
=

Γ(mk−1 + ρk−1)Γ(mk−1 + ρk)
(2mk−1 + ρk−1 + ρk − 1)Γ(mk−1 + 1)Γ(mk−1 + ρk−1 + ρk − 1)

.

For everyj = 1, . . . , k we have
∫ 1

0
wj(ηj)(J

mj−1
m,j (ηj))2 dηj = pmj−1,mj (19)

so ∫

Q
w(η)(Jm(η))2 dη = pm . (20)
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Then the product

J̃m(η) =
k∏

j=1

[
J

mj−1
m,j (ηj)

(pmj−1,mj )1/2

]
=

k∏

j=1

J̃
mj−1
m,j (ηj)

is normalized such that ∫

Q
w(η)(J̃m(η))2dη = 1. (21)

Therefore this system of products
{

J̃m(η), m ∈ Mm0

}
is orthonormal inL2

w(Q).

Theorem 4.2. The set of the functions
{

J̃m(η), m ∈ Mm0

}
is complete inL2

w(Q).

Proof. Let f ∈ L2
w(Q) be given with〈f, J̃m(η)〉 = 0 for all multi-indicesm =

(m0, . . . , mk−1) ∈ Nk
0 of nonnegative integers. Then

0 = 〈f, J̃m(η)〉 =
∫

Q
w(η)f(η)J̃m(η) dη =

∫ 1

0
wk(ηk)J̃

mk−1
m,k (ηk)g1(ηk) dηk

where

g1(ηk) =
∫

(0,1)k−1

( k−1∏

i=1

wi(ηi)J̃
mi−1
m,i (ηi)

)
f(η1, . . . , ηk) dη1 · · ·dηk−1 .

Letm0,m1, . . . , mk−2 be fixed. SincẽJmk−1
m,k (ηk), mk−1 ∈ N0 is complete inL2

wk
(0, 1),

we obtaing1(ηk) = 0 for a.e.ηk ∈ (0, 1). Now we letm0, . . . , mk−3 andmk−1 be
fixed. Using the fact that̃Jmk−2

m,k−1(ηk−1), mk−2 ∈ N0 is complete inL2
wk−1

(0, 1), we
obtain in a similar way that

g2(ηk−1, ηk) =
∫

(0,1)k−2

( k−2∏

i=1

wi(ηi)J̃
mi−1
m,i (ηi)

)
f(η1, . . . , ηk) dη1 · · ·dηk−2 = 0

for a.e.(ηk−1, ηk) ∈ (0, 1)2. Proceeding this way, we obtainf = 0 a.e. This completes
the proof. ¤

Let Sk
+ be the positive part of the unit sphereSk in Rk+1. Sk

+ is mapped bijec-
tively onto (η1, . . . , ηk) ∈ Q. The surface element dS can be computed as follows.
We use relations (5) to calculate partial derivatives ofx0, x1, . . . , xk with respect to√

η0, η1, . . . , ηk. Then we construct thek + 1 byk + 1 Jacobian matrix. Forη0 = 1, the
surface element dS is given by

dS =
1
2k

k∏

i=1

ηi
− 1

2 (1− ηi)
k−i−1

2 dη1dη2 · · ·dηk. (22)
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Lemma 4.1. ∫

Q
dS =

π
k+1

2

2k Γ
(

k+1
2

) . (23)

Proof. ∫

Q
dS =

1
2k

∫ 1

0
· · ·

∫ 1

0

k∏

i=1

ηi
− 1

2 (1− ηi)
k−i−1

2 dη1dη2 · · ·dηk

=
1
2k

k∏

i=1

∫ 1

0
ηi
− 1

2 (1− ηi)
k−i−1

2 dηi

=
1
2k

k∏

i=1

Γ
(

1
2

)k Γ
(

k−i+1
2

)

Γ
(

k−i
2 + 1

)

=
Γ
(

1
2

)k+1

2k Γ
(

k+1
2

)

=
π

k+1
2

2k Γ(k+1
2 )

.

This completes the proof.¤
Let w(η1, η2, . . . , ηk) be the weight function as described in (15). Introduce another

weight function

d(x0, x1, . . . , xk) = 2kx2ρ0−1
0 x2ρ1−1

1 · · ·x2ρk−1
k . (24)

Then
d(x0, x1, . . . , xk) dS = w(η1, η2, . . . , ηk) dη1dη2 · · ·dηk . (25)

Let f1(x0, . . . , xk), f2(x0, . . . , xk) be two functions inL2
d(S

k
+) and letg1(η1, . . . , ηk),

g2(η1, . . . , ηk) be their representations in spherical coordinates. Then
∫

Sk
+

d(x)f1(x)f2(x) dS =
∫

Q
w(η)g1(η)g2(η) dη . (26)

Therefore, for a fixedm0, the system
{
J̃m(η1, . . . , ηk), m ∈ Mn0

}
, when transformed

in the Cartesian coordinates(x0, x1, . . . , xk), forms an orthonormal basis of the sub-
spaceKk+1

m0
in L2

d(S
k
+).

5. Expansions in infinite series and Dirichlet problems.Leth ∈ L2
w(Q). We expand

the functionh in a Fourier series in terms of the productJ̃m:

h(η) ∼
∑

m∈M

AmJ̃m(η) (27)

≡
∞∑

m0=0

∑
m1,m2,...,mk−1

Am0,...,mk−1

k∏

i=1

J̃
mi−1
m,i (ηi) (28)
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where
∑

m1,...,mk−1

=
m0∑

m1=0

m1∑

m2=0

· · ·
mk−1∑

mk−2=0

(29)

and also where the Fourier coefficients are given by

Am =
∫

Q
w(η)h(η)

k∏

i=1

J̃
mi−1
m,i (ηi) dη. (30)

We let the constant

Bm =
Am

pm
1
2

. (31)

Then (28) becomes

h(η) ∼
∞∑

m∈M

Bm

k∏

i=1

J
mi−1
m,i (ηi). (32)

5.1. The interior Dirichet problem. Let ρ = (ρ0, ρ1, . . . , ρk) and |ρ|1 = ρ0 + ρ1 +
· · · + ρk. Define

Ĵm0
m,0(η0) = Cηm0

0 + Dη
−(m0+|ρ|1−1)
0 . (33)

By (13), the separated solutions ofLv = 0 in spherical coordinates are

v(η0)v(η1) · · · v(ηk) = J̃m(η) = Ĵm0
m,0(η0)

k∏

i=1

J
mi−1
m,i (ηi) .

We want the solution of the Dirichlet problem to be bounded, so we setD = 0. We
consider the following Dirichlet problem:

Let B be the unit ball. Given an even functionf : Sk → R such thatf ∈ L2
d(S

k
+),

find v ∈ C2(B) that solves
Lv = 0 inB, (34)

and that satisfies the boundary condition

v(tx) → f(x) as 1> t → 1 in L2
d(S

k
+). (35)

We find the solution as follows. We let

f ∼
∞∑

n=0

fn

be the expansion off in generalized spherical harmonicsfn of degreen. We assume
that the boundary functionf is even (f(σjx) = f(x) for all j). Thenfn = 0 for oddn
andfn is a harmonic polynomial inx2

0, . . . , x
2
k of degreem0 = n/2. Define

v(x) =
∞∑

n=0

rnfn

(x

r

)
, x ∈ B (36)
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wherer = |x|, andfn(x) = rnfn(x/r). The series (36) converges inB, v ∈ C2(B)
and satisfiesLv = 0.

We findfn as follows. We expressf in spherical coordinates aŝf(η1, . . . , ηk). Recall
that

{
J̃m(η), m ∈ Mm0

}
, m0 fixed, is an orthonormal basis in̂Kk+1

m0
. Thus, ifn = 2m0

is even,
f̂n(η) =

∑
m1,...,mk−1

CmJ̃m(η)

wherem = (m0, . . . , mk−1). Hence

f̂ ∼
∞∑

m0=0

∑
m1,...,mk−1

CmJ̃m(η)

where the Fourier coefficients are

Cm =
∫

Sk
+

w(η)f̂(η)
k∏

i=1

J
mi−1
m,i (ηi) dη.

Therefore the solution of the interior Dirichlet problem is

v(P ) =
∞∑

m0=0

∑
m1,...,mk−1

Cmηm0
0

k∏

i=1

J̃
mi−1
m,i (ηi), P ∈ B (37)

whereη0, . . . , ηk are the spherical coordinates ofP .

5.2. The exterior Dirichlet problem. LetBe = Rk+1−BwhereB is the open unit ball.
We consider the following exterior Dirichlet problem: Findv ∈ C2(Be) that satisfies

Lv(P ) = 0 , P ∈ Be

v(P ) = f(P ) , P ∈ ∂Be (38)

lim
η0→∞

v(P ) = 0 (39)

with a given even boundary functionf ∈ L2
d(Be). We require that|v(P )| ≤ M =

constant.
From equations (33), we want|v(P )| ≤ M asη0 →∞. So we letC = 0. Then

v(P ) =
∞∑

m0=0

∑
m1,...,mk−1

Dm0,...,mk−1 η
−(m0+|ρ|1−1)
0

k∏

i=1

J
mi−1
m,i (ηi) . (40)

We use the given boundary conditions (38) to find the Fourier coefficients

Dm =
∫

∂B
w(P )f(P )

k∏

i=1

J
mi−1
m,i (ηi) d(∂B). (41)

Then the solution of the exterior Dirichlet problem is

v(P ) =
∞∑

m0=0

∑
m1,m2,...,mk−1

D̃m η
−(m0+|ρ|1−1)
0 J̃m(η), P ∈ Be (42)
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with

D̃m =
∫

∂B
w(P )f(P )J̃m(η) d(∂B) .

Let
gn(x) = η

−(n
2 +|ρ|−1)

0 fn

(x

r

)
, |x| = r > 0. (43)

Then

v(x) =
∞∑

n=0

gn(x), x ∈ Be . (44)

The series (44) is a solution of the exterior Dirichlet problem and converges uniformly
on compact subsets ofBe.

Résuḿe substantiel en français.Nous consid́erons l’́equation aux d́erivées partielles
suivante :

Lu(x) := ∆u(x) +
∞∑

j=0

(2ρj − 1
xj

)
∂uj(x) = 0 (3)

pour des fonctionsu qui sont paires. Nous récrivons l’́equationLu = 0 en coordonńees
sph́eriquesη0, . . . , ηk sous la formeLv = 0 avecv(η0, . . . , ηk) = u(x0, . . . , xk). En
appliquant la ḿethode de śeparation des variables, on obtient un système dek + 1
équations diff́erentielles ordinaires.

Nous expliquons ensuite comment la séparation des variables en coordonnées sph́e-
riques nous donne des expressions pour les fonctions harmoniques sphériques ǵeńera-
lisées en termes des polynômes de Jacobi. Nous démontrons alors que les produits des
solutions desk + 1 équations diff́erentielles forment une base orthonormée de l’espace
Kk+1

m de fonctions harmoniques sphériques ǵeńeraliśees.
Finalement, nouśetudions les problèmes int́erieur et ext́erieur de Dirichlet pour

l’ équation (3) sur la sphère

Sk = {(x0, x1, . . . , xk) ∈ Rk+1 :
k∑

i=0

x2
i = 1}

de dimensionk en d́eveloppant les solutions en séries infinies de fonctions harmoniques
sph́eriques ǵeńeraliśees d’ordre pair.
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Québec26 (2002),79–93.
10. C. Muller,Spherical harmonics, Lecture Notes in Mathematics, vol.17, Springer-Verlag,

Berlin-New York,1966.
11. D. Schmidt and G. Wolf,A Method of generating integral relations by the simultaneous

separability of generalized Schrödinger equations, SIAM J. Math. Anal.10 (1979),823–
838.

12. G. Szeg̈o, Orthogonal polynomials, American Mathematical Society,Providence, R. I.,
1991.

13. H. Volkmer,Expansions of analytic functions in spherical harmonics, Complex Variables
Theory Appl.35 (1998),213–224.

14. H. Volkmer,Expansion in products of Heine-Stieljes polynomials, Constr. Approx.15
(1999),467–480.

15. E. T. Whittaker and G. N. Watson,A Course of Modern Analysis. An introduction to
the general theory of infinite processes and of analytic functions, with an account of the
principal transcendental functions, Cambridge University Press,Cambridge,1996.

16. Y. Xu,On multivariate orthogonal polynomials, SIAM J. Math. Anal.24 (1993),783–794.
17. Y. Xu, Orthogonal polynomials for a family of product weight functions on the spheres,

Canad. J. Math.49 (1997),175–192.

J.-P. LOKEMBA LIAMBA

MATHEMATICAL SCIENCESDEPARTMENT

BALL STATE UNIVERSITY

MUNCIE, INDIANA 47306-0490
USA
E-MAIL : jliamba@bsu.edu


