Ann. Sci. Math. Qébec27 (2003), no. 2, 177-189.

EXPANSIONS IN EVEN GENERALIZED
SPHERICAL HARMONICS IN RF*1

JEAN-PIERRE LOKEMBA LIAMBA

RESUME. On demontre que les produits de pofymes de Jacobi, lorsque trans-
formés des coordora®es sphriques aux coordomees cagésiennes, forment une
base orthonorie du sous-espace fé(SF) compog des fonctions sgiques har-
moniques gréralies d’ordre pair. Noustudions ensuite les prabhes ingrieurs
et exerieurs de Dirichlet sur la sghe unitaire de dimensian

ABSTRACT. It is shown that the products of Jacobi polynomials transformed from
spherical coordinates system to cartesian coordinates system form an orthonormal
basis of the subspade’! of even generalized spherical harmonicsZf(Sk).

The interior and exterior Dirichlet problems éndimensional unit sphere are then
investigated.

1. Introduction. We consider Dunkl’s equation

whereD; is a modification of thgth partial derivative

1\ u(z) —u(ojz)

Dju(z) = 0ju(x) + (pj — 7> . x=(z0,...,1;) € RFL
2 T4
ando; : R*1 — R¥*1 denotes the reflection
oj(xo,...,xk) = (T0,...,Tj—1, —Zj, Tj+l, - - ., Tk)-

The parametergy, ..., pr in the functional-differential equation (1) are assumed to
be positive. We consider these parameters to be fixed and usually do not indicate the
dependence om, . . ., p, in our notations. Equation (1) reduces to the Laplace equation

Au=0 (2)
Whenpo:p1:~--:pk:%.
Recu le 9 évrier 2004 et, sous formeetinitive, le 26 juillet 2004.
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178 Expansions in even generalized spherical harmonics in R***

It is well-known that an orthogonal basis in the space of spherical harmonics of
a given degrea: can be found by applying the method of separation of variables to
equation (2) in spherical coordinates. We cannot directly apply the method of separation
of variables to equation (1). We first restrict our attention to even functigribat
is, u(z) = u(oj(x)) for all j = 0,...,k. Then equation (1) reduces to the partial
differential equation

= /2p;i—1
Lu(z) = Au(x) + Z <]T)8u]($) =0. (3)
— J
We introduce the spherical coordinateg, 71, . .., nmx) in RE* = {(xo, ..., 2) :
x; > Oforalli}. For a given point(xo, ...,z;) € RY*, its spherical coordinates,

no > 0and 0< n; < 1for 1< <k, are defined by

k
2
o = Z T
i=0
Y
k 2 b — —
Zs:j xS

Then the cartesian coordinates are given by

Nj+1 =

l“% = 7o

x;%:UO’IpﬂH(l—ns), 1<p<k-1
= (5)

k
oh =no [ J(1—ns).
s=1

This paper is organized as follows. In section 2, the operatertransformed from
cartesian coordinates to spherical coordinates. The opefasdhen separated to+ 1
differential equations. In section 3, we show how separation of variables in spherical
coordinates leads to expressions of generalized spherical harmonics in terms of Jacobi
polynomials. In section 4, we show that the products of solutioris#ol differential
equations form indeed an orthonormal basis in the sp&ié of even generalized
spherical harmonics.

In section 5, we investigate the interior and exterior Dirichlet problems for the
equation (3) on thé-dimensional spher8* = {(xo, ..., xz;) € R¥1: Y% 22— 1}
by infinite series expansions in even generalized spherical harmonics.

2. Transformation and separation of the operatorL in spherical coordinates. We
use relations (4) and chain rule to rewrite the equaflon= 0 in spherical coordinates
asLv = 0 wherev(no, n1, - .., nk) = u(zo, x1,...,Tk):

ik o % i oni One av+2i0j_1a“877i =0 (6)
_ n; O ;2 xj Oz Oneni - xj O O
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where .
y 377; —0 ifi#l
j=0 833]872?

We look for the solutions to (6) in the fora{ng, 11, . - ., 7k) = vo(no)vi(m)- - - vk (Nk).
According to Schmidt and Wolf [11], separation of variables for (6) leads to the
following k& + 1 ordinary differential equations:

k
ngvg + (Z m) 1ol + Ag_1v0 = O, (7)

i=0
e {ups (22 T L (et 320 @
niL—1n5)qY; - Uj - k—jt—— |vj =
J J J n; 1— n; J J 1_ i J
with v; = v;(n;) for 1 < j < kand where\, ..., A\;_1 are separation parameters. We
setA_; =0.

3. Separated solutions of the operatot.. The parameterag, A1, ..., A\x_1 Will be
chosen in such a way that (7) and (8) admit solutions which are nonzero polynomials.
For0<i <k —1,m; € Z (the set of integers) andQ my_1 < --- < mg, we set

k
Ap—1 = —mo<mo+ZPt - 1>7 mo > 0
=0

k

A2 = —m1<m1+ZPt - 1>, mo > my
=1

k
Ap—3 = —m2<m2 +Zpt - 1>, m1 > mp
=2

k
A1 = —my_2 (me + Z pt — 1>, Mp_3 > Mi_2
t—k—2

—k—
k
Ao = —my_1 (mkl + Z Pt — 1>7 my—2 > mg_1 > 0.
—k-1

t

Then the Euler equation (7) has the polynomial solution

vo(110) = 175" (9)

Foreach I< j < k—1,k > 2, equation (8) is hypergeometric. Its polynomial solution
is an hypergeometric function ipy. In here we identify them as Jacobi polynomial in
the variable 1- 27;. Specifically we have, fof = 1,...,k -1,k > 2,

s (i —1,2m+3F_ pi—1)
v (1) = (L= )™ Pyl " (1 2n). (10)



180 Expansions in even generalized spherical harmonics in R***
Forj = k, the solution of (8) is the Jacobi polynomial:
o) = P (1 2, (11)
If we setm; = 0, then (11) is a special case of (10). Therefore a solution of (6) is the

product
k

U(an 7717--«a77k) = Hvl(nl) (12)
i=0
Form = (mg, m1, ..., mg_1), we introduce the following notations:

vo(10) = Jim%(10)
Uz(nz) = JmL 1(771) forl<i <k,

ST

(13)

By (13) the ponnomiaJ];”;l(m) is of degreen;_; inthe variables); fori = 1,... k.

Lemma 3.1. The products/;,5(no) H J"=1(n;) are homogeneous polynomials in

i=1Ym,i

Cartesian coordinateéro, . . ., ;) of degreemg in variablesz3, . . ., 22.

Proof. Let
gu=mo—m1>0,...,q—1=mp—2—mp_1>0,q, = mp_1

and, forj =1,... k,

(=1 (pj-1)q,

k
bj:mj—l"'mj"' Z pt — 1, Cj = Pj-1, gj: F(q.+1)
J

t=j—1

Then we may use the properties of hypergeometric functions to rewrite equations (10)
and (11) as follows:

k

ij () = 4(1—ny)Mi2Fu(my — my-1,my +mj_q Z pe — Lim;)
t=5—1

= £;(1— ;)™ 2F1(—q5, by ¢531;)

m; & ( )pg(b )Py Dj
=OR) 3 (T4

where,F1(a, b; ¢; x) denotes the hypergeometric series where the suffixes 2 and 1 are
two parameters of the type and one of the type. The product/;,%(no)J™(n;) is
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computed as follows:

) = HE (1 —n;)"™ 2F1(=q;, bji ¢ my)

k a5
TS ) AR G LG
=T Jl_[l |:€J(l n5) ;0 (C)pjr(pj +1) ; }

[ m; 2 (=45)p, (b5)p, Pi_mo
| IR I Zmﬁj o ]

C
L P =0

k - Q5
~ Ci(—=4j)p; (bj)p; p; . }
J .7,’7‘_7 1_77777,]777710
=1L| 2. o5, ry ey 2w

<.
[

J=1 "p;=
k - gs k
q] p; )pJ> mo
=11 Z(H e (1 —n5)™mg
s=1"ps=0 j=1 C] pj + 1>
A
k gs
=TI >_ Apngnze (1 —n)™
s=1ps=0

We setz; = sz forj =0,...,k, and use the relations (4) to rewrite the prodfiet) as

a1 dk mo—mi1—p1
= g g Ap 2t 2x 1(5 zs> X

p1=0  pr=0

k m1—mz—p2 k Mp—1—Mk—Pk
s=1 s=k—1
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We computef (rz)

@ ak k mo—m1—p1
f(rz) = Z Z Ap(rzo) (Z(m’s)> (rz1)P?x

p1=0 pr=0 s=0

k mi—ma—p2 k Mp—1—Mk—Pk
<Z(rzs)> X o X (rzEp_1)P* ( Z (r25)>

s=1 s=k—1

qk ) @ k mo—m1—p1
Tmoz'”Z(ZApZéu(ZZS) )X

pe=0  p2=0 \p1=0 s=0

k mi—m2—p2 k Mp_1—Mk—DPk
z?fz(g zs) ><~-><z£’il< E zs>
s 1

s=1 —k—
=r"0f(2).

Hence the polynomiaf(z) is homogeneous of degree in the variablesy, . . ., zj.
That concludes the proof.(]

4. Orthogonality. We are going to show that the system of products
vi(m)v2(z) - - vk(m),  mj € (0,1)
of polynomials is mutually orthogonal over the subset

Q= (0,1) x (0,1) x (0,1) x --- x (0,1) = (0, 1)* (14)

~
k times

of the Cartesian spa®¥ with respect to the continuous, integrable, and positive weight
function

k-1
p— — p— k —
wng, ..., M) =0 1(1 — ) ! H n 1(1 - nz)Zi:z pit (15)
=1

wherew(ny, . .., M) = wi(nk)wi(n) - - - we—1(Mk—-1)-
Let L2 (Q) be the space of measurable functighsQ — R with

/Qw(n)fz(n) dn <oo, n=(n1,..., 7k
The spacd.?,(Q) is equipped with the inner product

(f. g = /Q w(n) £ (n)g(n) dn (16)

and norm .
w = w 2an)2 = (£, Fu)? 17
1o = (| wons?an)” = (. ) (17

turning it into a Hilbert space.
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Theorem 4.1. If m = (mo, ..., mi_1) and? = (lo, ..., lr_1) are two distinct multi-
indices, then

/Q w(n)J™ ()7 (n) di = 0. (19

Proof. For any multi-indicesn and/, we have

/ W)™ 1) () = [ /01 szmHJm“mHJ@ ")

i=1
—H/ wi(ni) Ty (i) T () s

If m # ¢, let j be the largest integer ifil, ..., k} for whichm;_1 # ¢;_1. By the
properties of Jacobi polynomials, the integral involvipgis then equal to zero. This
completes the proof. O

For 0 < my—1 < mg—z < --- < mo, the function.J/"%(no) TT}_y Jo' " (ns)
when transformed to coordinates, x1, ...,z IS an homogeneous polynomial in

z§, x5, .., x2 of degreemo (Lemma 3.1) and it solveSu = 0. Thus it is iK1, the
space of even generalized harmonics.

For a fixedmy, let M, be the set of multi-indices: = (my, . .., mg_1) of nonneg-
ative integers such that,_1 < mp_o < --- < mg. Givenmg, Theorem 4.1 shows that
the system{ J™(m), m € My, } is linearly independent. Hence, since the dimension
of KFlis equal to the cardlnallt(f"o”“ 1) of the setM,,,, this system forms a basis.

We define the constapt, = szlpmj_l,mj (wheremy = 0) by

1
D 1, —
y (F(mj—l —mj+ pj—l))

F(mj,]_ —m;+ 1)

y T(mj_1+m;+3 0 pr)
I( 1)

k
mj_1tpj_itmy Y pj—

whenj =1 ..., k—1and

L(mg_1+ pr—1)T(mp_1+ pr)
(2mp_1+pp—1+pr — Dl (mp_1 + T (mp—1 + pr—1+ p — 1)

Foreveryj =1,...,k we have

Pmy_1my, =

1
/0 wJ(W])(J - 1(77]))2(1773 Pmj_1,m; (19)

SO

/Q w(n)(T™ ()2 = . (20
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Then the product

=11 [ ] - 1L

g Lom1m,)

is normalized such that

/Q w(n) (J™ ()20 = 1. (21)

Therefore this system of produdfsT™ (1), m € M, } is orthonormal inZ2 (Q).
Theorem 4.2. The set of the function§.J™ (1), m € M, } is complete inL2 (Q).

Proof. Let f € L2(Q) be given with(f,.J™(n)) = 0 for all multi-indicesm =
(mo, ..., mg_1) € NE of nonnegative integers. Then

. . 1
— (T () = / w(n) f () J™ () oy = /0 wi () T () g ()

Q

where

91(nk) = sz ()T (i) ) f (s - ) Oy -+ Oy
(0.)F1 N

Letmo, ma, ..., mg_p befixed. Sincd,s " (ni), my—1 € Nois completeini2 (0,1),
we obtaing;(nx) = 0 for a.e.n, € (0,1). Now we letmy, ..., my_ 3 andmy_q be
fixed. Using the fact thafl,, 2 (1x—1), mix—2 € No is complete inL2,  (0,1), we
obtain in a similar way that

WE — 1(

71 “ e —
92(Nk—1, k) /Olkz(szmJ ))f(m,---mk)dm dn—2=0

fora.e.(my_1,m) € (0,1)2. Proceeding this way, we obtajn= 0 a.e. This completes
the proof. O

Let St be the positive part of the unit sphe® in R¥*1, S¢ is mapped bijec-
tively onto (n1,...,n:) € Q. The surface elementSdcan be computed as follows.
We use relations (5) to calculate partial derivativescgfzy, . ..,z with respect to
V70511, - - -, M- Then we construct the+ 1 by k£ + 1 Jacobian matrix. Fof = 1, the
surface element$lis given by

k i—1
= o Hm F(1—m)F dipdnp- - dig. (22)
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Lemma4.1.
k+1

/ as=-—"" (23)
Q 26T (43)

Proof.

Q i=1
ko
1 1 k—i—1
= 5% i 2(1 i 2 d i
Zkl_ll/o mi 2 (1—n,) i
k —1
_1ﬁf(%) r(*%4)
# i)
F(;‘)k-”_
" Fr ()
k+1
2 (k1)

This completes the proof.(J

Letw(n1, n2,...,n;) be the weight function as described in (15). Introduce another

weight function

d(zo, x1,...,28) = ka(z)po_lxipl_l . -xipk_l. (24)
Then

d(zo, x1,...,2,)dS = w(ni,n2,...,nE) dnidny - - - dng . (25)

Let fi(wo, ..., 7k), f2(70, . ..,z)) be two functions inL3(SF) and letga (n1, ..., 7k),
g2(m, ..., mi) be their representations in spherical coordinates. Then

J 4@ 1@ )05 = [ wonmmsaman (26

Therefore, for a fixedno, the systenﬂ{fm(nl, ce M), M E Mno}, when transformed
in the Cartesian coordinatéso, =1, . . ., %), forms an orthonormal basis of the sub-
spacelCltin L3(Sh).

5. Expansions in infinite series and Dirichlet problems.Leth € L2(Q). We expand
the functionh in a Fourier series in terms of the produét:

h(n) ~ > Amd™(n) (27)
meM
00 k
=D DD DN E | RO (28

mo=0 mg,m2,...,mp_1 i=1



Expansions in even generalized spherical harmonics in R**!
mg—1
(29)

186
where

DEED SIS

M, Mp—1 m1=0 my=0 my_»>=0

(30)

and also where the Fourier coefficients are given by

)

k) =

(n

Ly =0inB,

Ay, = / HJmZ !
We let the constant 4
By = 5. (32)
DPm?
Then (28) becomes
Z HJ”“ ' (32
meM i=1
5.1. The interior Dirichet problem. Let p = (po, p1,...,px) @and|p|1 = po+ p1 +
-+ + pg. Define
j;%:)o(no = Oyl + Dno—(mo+|P\1 L (33)
By (13), the separated solutions 6t = 0 in spherical coordinates are
o(mo)v(na) -~ v(m) = ™ (1 WmHW1~
We want the solution of the Dirichlet problem to be bounded, so we)set 0. We
consider the following Dirichlet problem
Let B be the unit ball. Given an even functigh: S* — R such thatf € L3(S),
(34)

find v € C?(B) that solves
(35)

and that satisfies the boundary condition
(tx) — f(z)as 1>t — 1in L3(SF)

We find the solution as follows. We let
o0
f ~ Z fn

be the expansion of in generalized spherical harmoni¢s of degreen. We assume
f(x) for all j). Thenf,, = 0 for oddn
n/2. Define

that the boundary functiofiis even (f(c;z) =
and f, is a harmonic polynomial in3, . .., 22 of degreemg =
(36)

:grnfn@, reB
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wherer = |z|, and f,,(z) = r" f,(z/r). The series (36) converges i v € C?(B)
and satisfie€v = 0.

We flndfn as follows. We expresgin spherical coordinates &%y, . . . , ;). Recall
that{.J™(n), m € My, }, mofixed, is an orthonormal basis &l::. Thus, ifn. = 2mq
is even,

wherem = (mo, ..., my_1). Hence

where the Fourier coefficients are

sz/ HJ"“1

Therefore the solution of the interior Dirichlet problem is

:i > Cony HJ””“ ,PeB (37)

mo=0m1,...,Mr_1 =1
whereng, . . ., n; are the spherical coordinates Bf

5.2. The exterior Dirichlet problem. LetB. = R¥*1—BwhereB is the open unit ball.
We consider the following exterior Dirichlet problem: Find= C?(B,) that satisfies

Lv(P)=0, P€B.
f(P), P e 0B (38)

I~
—~
5
N—

I

with a given even boundary functiof € L3(B.). We require thatv(P)| < M =
constant.
From equations (33), we waht(P)| < M asng — oo. Sowe letC’ = 0. Then

Z S" Dy ip " HJ”“ ). (40)

mo=0 ma,....mg_1

We use the given boundary conditions (38) to find the Fourier coefficients

Then the solution of the exterior Dirichlet problem is

=> Y Dung™ i), PeB. (42

mo=0 m1,mz,....,mp_1
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with
D= [ w(P)F(P)I"(n)d0B).
oB
Let pal1 .
gn(x) = 770_(5 lol= )fn<;> 5 ‘$| =r>0. (43)
Then -
v(@) = gulx), z€B. (44)
n=0

The series (44) is a solution of the exterior Dirichlet problem and converges uniformly
on compact subsets #t.

Résune substantiel en francais.Nous consiérons lequation aux @rivées partielles
suivante :

o

Lu(x) = Au(z) + Z (

J=0

ij -1
Ty

)auj(x) ~0 (3)

pour des fonctions qui sont paires. Nougcrivons [equationu = 0 en coordonees
splreriquesn, . . ., n; sous la formeCv = 0 avecv(no, ..., nr) = u(zo,...,zr). En
appliquant la rethode de @&paration des variables, on obtient un eys¢ dek + 1
équations diferentielles ordinaires.

Nous expliquons ensuite comment &paration des variables en coordéas spb-
riques nous donne des expressions pour les fonctions harmonigéesspk gréra-
lisees en termes des pofymes de Jacobi. Nougdhontrons alors que les produits des
solutions deg + 1 équations difrentielles forment une base orthonéerde I'espace
KCE+1 de fonctions harmoniques spiques gréralises.

Finalement, nou®tudions les prolimes inérieur et extrieur de Dirichlet pour
I’ équation (3) sur la sghie

k

S* = {(z0, 21, ..., z1) € RF?: fo =1}
i=0

de dimensiork en ceveloppant les solutions earges infinies de fonctions harmoniques
spteriques grerali€es d’ordre pair.
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