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IMPROVING REGULARITY OF WEAK SOLUTIONS OF ABSTRACT
DIFFERENTIAL EQUATIONS?

S. Zaidman

Résumé

Dans ce travail, on indique comment obtenir des solutions réguliéres (for-
tes) de 1'équation différentielle opérationnelle v' - Av = © dans 1l'intervalle
(a,b) ¢ R (A #&tant un opérateur non borné dans 1l'espace de Banach X), en par-
tant des solutions faibles continues u(t) de la m@me équation, moyennant la for-

mule v(t) = (XO-A)—lu(t), ol 1'opérateur (AO—A)'1 e L(x) existe pour un A, € C.

Introduction

In this note we continue previous investigations on the weak solutions of
differential equations with unbounded operators in Banach spaces (see [3]1, [4],
[5], [6]). The result which will be explained here consists in the following: if
u(t) 1is a continuous weak solution of an equation of the form u'(t) - A u(t) = 6
on the interval (a,b) ¢ R, A being a linear densely defined operator in the
Banach space X, and if v(t) = R(AO,A)u(t) where Ao is a regular point of the
operator A, then v(t) is a regular (strong) solution of the same equation:

v'(t) - Av(t) =6 on (a,b). Precise statements and the proof are given below.

1. Let X be a Banach space and A be a linear operator with dense

domain D(A) ¢ X and with range in X too. Consider the dual (or adjoint)
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operator A* acting on D(A*) c X* and.with range in X*- the dual space to X.
If (a,b) 1is an interval of the real line, we define KA*(a,b) to be the class of
all functions ¢*(t) € Cl[(a,b);x*], which are 6 near a and b, such that

o*(t) € D(A*) for all t ¢ (a,b) and A*p* ¢ Co[(a,b);X*]; the elements of

KA*(a,b) are vector-valued test-functions.

A strongly continuous function u(t), (a,b) » X 1is called weak solution

of the differential equation: u'(t) - A u(t) = 6, if the integral identity
b d

(1.1) I < az-¢*(t) + A*p*(t),u(t)> dt = 0
a

is satisfied, for all ¢* ¢ KA*(a,b) (here < , > means duality between X and
X*). Our aim is to establish the following:

THEOREM. Let u(t) be a continuous weak solution on the interval
(a,b) c R o0f the differential equation u'(t) - A u(t) = 6, and assume that the
operatorn A has a Least one regulan point Ao - Then the function v(t) =
(AO-A)'lu(t) belongs %o Cl[(a,b);x] and verifies the differential equation:

vi(t) - Av(t) =6 on (a,b) 4n the stnong sense.

2. The proof

LEMMA 1. The above defined function v(t) 48 again a continuous weak

solution on (a,b) of the same differential equation: v'(t) - A v(t) = 6.

Consider in fact any test-function ¢*(t) ¢ KA*(a,b). It readily follows

that

LA by
(2.1 L < Sp o+ A%rvs dt = Ja < S5 0% + A%*,RO AW dt.

Use now a well-known result (see for instance [1], p. 14, Lemma 4.6) to derive
that xo e p(A*) (resolvent set of A*) and the equality R(AO;A*) = (R(AO;A))*.

Thus we get the relation
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o

o’

< %{ ROV ANS* + AMROL ARG %,u> dt

LI b d
L < dox v mrorve at = f RO A (G 6% + A% ,w dt
(2.2) - [

a

¢b .
= Ja < %w*(t) + A*p*(t),u(t)> dt

where yY*(t) = R(AO;A*)¢*(t). It is quite obvious that the new function yP*(t)
belongs also to our test-functions space KA*(a,b) (for instance, one sees that
A¥P* = (A*—AOI+A°I)R(AO;A*)¢* = -0*(t) + AOR(AO;A*)¢*(t) which belongs to
ClL(a,b) ;X*]). Therefore, the last integral in (2.2) vanishes
we prove the simple

LEMMA 2. The function v(t) belongs to D(A) {or all t e (a,b) and

A v(t) 45 a continuous function grom (a,b) 4nto X.
In fact, we have:
- -1 - .
Av(t) = (A-X TR ) (A -A) Tu(t) = -u(t) + A RO A)u(t)
which is strongly continuous on (a,b).

We are now ready for the final part of the proof of the Theorem. Using

Lemma 1 and the equality: <¢*(t),A v(t)> = <A*¢*(t),v(t)> we obtain the relation

b b
(2.3) J < -g—t-(b*,v> dt = -j <9*(t),A v(t)> dt,  ¥o* e K,,(a,b).
a a

We shall use this equality for a special sequence of functions in KA*(a,b); pre-
cisely, let us take a sequence of (scalar-valued) functions {am(t)}T c CiﬂR),
such that am(t) =0 for [t[ 2 1/m, am(t) > 0, f am(o) do = 1. Next, let us
fix any point t, in (a,b) and then consider the X*-valued function ¢$(T) =
am(to—T)x* where x* is an arbitrary element in D(A*). It is obvious that for
m sufficiently large (depending on to), the above function ox is a test-
function-it belongs to KA*(a,b). At this stage we can infer from the above for-

mula (2.3) the new identity
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b b
(2.4) f a&(to-r) <x*,v(1)> dT = I am(to—r) <x*,A v(t)> dT
a a

for all x* ¢ D(A*) and m 2 mo(toj and therefore also the equality

b b
(2.5) <x*,Ja aé(to—r)v(r) dt> = <x*,Ja am(to—T)(Av)(T) dT>
again for all x* ¢ D(A*) and m 2 myo. Use now the fact that A has a regular

point; it follows that it is a closed linear operator with dense domain, and ac-
cordingly, the domain of its adjoint, D(A*) 1is a total set in X* (see [2] for

definition and result on total sets). We may derive therefore the equality in X

b b
(2.6) Ja aé(to-r)v(r) dt = Ja am(to—r)(Av)(T) dt, mzm
Consider now the convolution:
b
(v*am)(t) = fa am(t-T)v(T) dt
which has a strong derivative
b
' = -
(v*am) (t) = Ja u&(t T)v(T) dt.
Accordingly, the relation (2.6) can be written as
(2.7 (v*am)‘(t) = ((Av)*am)(t), Yt € (a,b) and m 2 mo(t).

At this point we take again a fixed t, in (a,b), and consider § > 0 in such a
way that (to-G,to+6) Cc (a,b). It is now obvious that the above (2.7) will hold
for all t in (to-G,to+6) as soon as m 1is greater than some m, depending on
t0 and § > 0 only. (For in this case all functions um(t—T) belong to

Cé(a,b) as necessary.) We shall now integrate (2.7) between a fixed

t e (to—6,t0+6) and an arbitrary t chosen in the same interval and shall derive

t
(2.8) (v ) (t) = (v ) () + f

((Av)*am)(o) do.

When m -+ «, using continuity and uniform continuity of v and Av, as well as the
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8-function properties of the sequence {am}T we deduce the equality
t

(2.9 v(t) = v(t) + I__(Av)(c) do, for all t in (to—G,to+6).
t

Using strong continuity of the function (Av)(0) one may derive from (2.9) the
strong derivability of v(t) in (to-d,to+6)-hence in all (a,b)- , and the equa-

lity
(2.10) v'(t) = A v(t)

in this same interval. Finally from continuity of Av we deduce that v(t) e

Cl[(a,b);X] and the theorem is proved completely.
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