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ON THE EQUATION Y? = X5 + k
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Dedicated with respect and admiration to Professor Paulo Ribenboim
on the occasion of his 80th birthday.

RESUME. Nous trouvons explicitement toutes les solutions rationelles de I’équa-
tion du titre pour tous les entiers k avec |k| < 50, sauf pour les valeurs k = —47, —39.
Pour la résolution, nous appliquons diverses méthodes qui, selon &, varient des mé-
thodes élémentaires, telles que la divisibilité ou des considérations de congruences,
jusqu’aux techniques dites « elliptiques a la Chabauty » et des calculs hautement com-
plexes dans des corps des nombres, ou des combinaisons de ces méthodes. Pour cer-
tains ensembles de valeurs de k, nous pouvons proposer une méthode de résolution
plus ou moins uniforme, qui pourrait étre appliquée avec succes pour un ensemble im-
portant de valeurs de k, méme au-dela des valeurs ci-dessus. Cependant, il s’avere que
six valeurs parmi celles que nous considérons nous mettent vraiment au défi, a savoir
k =15,43,—11,—15, -39, —47. Plus de la moitié¢ de I’article traite de la résolution de
I’équation du titre pour les quatre premieres valeurs. Pour les deux dernieres valeurs,
la résolution de I’équation a résisté a tous nos efforts. La présence de ces six valeurs
de k est une indication qu’on ne peut pas espérer une méthode générale de résolution
applicable, méme en principe, pour toutes les valeurs de k.

ABSTRACT. We find explicitly all rational solutions of the title equation for all
integers k in the range |k| < 50 except for k = —47, —39. For the solution, a variety
of methods are applied, which, depending on k, may range from elementary, such as
divisibility and congruence considerations, to elliptic Chabauty techniques and highly
technical computations in algebraic number fields, or a combination thereof. For cer-
tain sets of values of k£ we can propose a more or less uniform method of solution,
which might be applied successfully for quite a number of cases of k, even beyond the
above range. It turns out, however, that in the range considered, six really challeng-
ing cases have to be dealt with individually, namely k& = 15,43, —11, —15, —39, —47.
More than half of the paper is devoted to the solution of the title equation for the first
four of these values. For the last two values the solution of the equation, at present, has
resisted all our efforts. The case with these six values of k& shows that one cannot ex-
pect a general method of solution which could be applied, even in principle, for every
value of k.

1. Introduction

For a fixed integer k, there is a vast literature devoted to the integer solutions of the
Diophantine equation Y2 = X3 + k (Mordell’s equation). It is well known that the
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equation has only finitely many integer solutions, and many individuals over the years
investigated this problem, starting with solving the equation for particular values of k.
There now exists a very satisfactory uniform method (the elliptic logarithm method, de-
veloped independently by Stroeker and Tzanakis [13] and Gebel, Pethd, Zimmer [11])
for explicitly computing all integer solutions on elliptic curves. See Gebel, Pethd, Zim-
mer [12] for a very successful application of this method to computing all integer points
on Mordell’s equation for a given k. When we consider rational solutions to Mordell’s
equation, then the whole theory of elliptic curves comes into play, and many questions
remain unresolved, which is not however the focus here. In this paper we shall study
rational solutions of the naturally arising Diophantine equation

(1) Cr:Y2=X%4+k

for a fixed integer k£ # 0, free of sixth powers. There are two rational points at infinity
on O}, corresponding to Y = £ X3, and henceforth we shall consider only finite rational
points. Since C}, represents a curve of genus 2, Faltings’s theorem (“Mordell’s Con-
jecture”) [9], shows that Cj(Q) is finite. It is well known that both Falting’s proof and
the subsequent one by P. Vojta [14] are non-effective (though an effectively computable
bound for the number of rational points is accomplished), hence they cannot provide us
with a practical method for the explicit determination of all rational points on C'. Thus
determination of rational points on C}, is a good challenge. We attack this challenge
by a series of approaches that start with elementary ideas and progress to being more
technical; we illustrate the ideas by applying them to k in the range |k| < 50.

If the rank of the Jacobian Ji of C}, is at most equal to 1, then there are effective
“Chabauty” techniques that allow (at least in principle, but not provably) determination
of Cx(Q). However, the Jacobian Jj, is isogenous to the product of the two elliptic
curves

with maps from Cy, to &;, ¢ = 1, 2, given by

(X1, V1) = (X2Y), (X, Va) = (;’g) .

Thus the rank of .Jj, is the sum of the ranks of £&; and &;. If J}, has rank at most 1, then
there is no need to use Chabauty techniques, for in such a case the rank of £ or &
is 0, and either there are no finite rational points on (1), or there are only the obvious
ones arising from non-zero torsion points on &; (which occur for k a perfect square or
perfect cube).

The interesting cases therefore arise when both £; and &£ have positive ranks. We
know of only one example in the literature where the set of rational points is determined
upon such a curve: Coombes and Grant [6] in an example show that the only rational
points on the curve y? = x5 — 972 (with covering elliptic curves both of rank 1) are the
points at infinity. This will also follow from the elementary arguments of section 2.2
below.

To deal with (1), we shall construct maps to C, from curves having ternary equa-
tions of type ax® 4 byS = cz3. This is the particular form of a very natural generalized
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Fermat curve. Several important papers recently have been devoted to generalized Fer-
mat equations, and papers of Bennett and Skinner [2] and Darmon and Granville [7]
seem applicable when at least one of the exponents in the equation is large. However,
the specific equations az% + by® = cz? (and ax® + by® = c2?) seem poorly treated,
indeed, essentially absent, in the literature. We can find one paper by Dem’yanenko [8],
who inter alia discusses the equations 2% + 3® = az? and 2 + y® = az3. This dearth
is curious. For several decades in the early twentieth century, number theorists were
attracted to showing the impossibility of specific Diophantine equations by elementary
methods; we have here a class of such equations where impossibility may often be
shown by an argument involving an elliptic curve of rank 0, in other words, by a clas-
sical elementary infinite descent argument. This class of equations seems to have been
overlooked by earlier researchers. In any event, for a certain class of k’s, these curves
ax® + by = c23 of genus 4 may be shown by elementary means to have no non-trivial
rational points. This furnishes explicitly all solutions to (1) for the corresponding £’s;
see section 2. Within this class, there are values of k for which the descent argument,
while elementary, is not straightforward, and hence deserves some discussion; see sec-
tion 2.2.1. Some values of k may also be eliminated using the alternative elementary
ideas of section 2.2.2.

For many values of k, the above descent is inconclusive, and we turn to work-
ing over K = Q(f), with > = k. There arises the problem of solving a number
of Diophantine problems of the following type: for a certain elliptic curve F de-
fined over K such that the rank of F(K) is at most 2, explicitly determine those
points (x,y) € FE(K) satisfying a certain “rationality condition” ¢(z,y) € Q where
q(X,Y) € K(X,Y). Problems of this type are amenable to the elliptic Chabauty
method as implemented in a number of routines in Magma [4]. But we should stress
that the application of Magma is in general not a matter of button pushing, and is some-
times far from automatic; we note later some of the problems that can arise. For a
certain class of k’s, the elliptic Chabauty method applies more or less directly; and we
consider the corresponding equation (1) to be interesting but whose solution is “rela-
tively standard”. So few details are given; see section 3.

For several values of k in our considered range, the elliptic Chabauty method as
applied above does not succeed, as we explain in the first paragraph of section 4. This
happens for k = —47, —39, —15, —11, 15, 43. We surmounted obstacles that arise by
means of an alternative approach for the four cases £ = 15, 43, —11, —15 (given in
decreasing order of difficulty, the first two being roughly comparable). We give details
on solving (1) for £ = 15 in section 4.1, with brief details for £ = 43 in section 4.2;
and for £k = —11, —15 in sections 4.3, 4.4. These are the most technical sections of the
paper. We have been unable to develop a uniform method for the £’s of this section,
though believe the ideas will be useful for solving (1) for other specific “difficult” values
of k.

The remaining values k = —47,—39 in our range have resisted all our attacks.
These values give no indication of the difficulties that arise when trying to solve (1),
difficulties that may not be foreseen until after many hours of work. Finding all ratio-
nal points on (1) for these intractable values of k is indeed a challenging Diophantine
problem.
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2. General discussion

In this section we give some general discussion, the emphasis being on elemen-
tary arguments which often suffice to provide the complete solution of equation (1).
Our arguments will then be applied to solve a good number of equations (1) in the
range |k| < 50. Of course, as one should expect, the equation (1) is not susceptible
to elementary treatment for all k, not even within the small range we consider. More
technical approaches are given in sections 3, 4, and 5 of this paper.

2.1. When at least one &£; has zero rank

If either of the curves & or & in (2) has rank zero, then the determination of
rational points on CY is trivial. For if £ has rank 0, the only possible rational points
on &1 are torsion points, and using, for example, Cassels [5, Theorem page 52], we
have on &; for k = —432 the points (12, £36); for £ = 1 the points (2, £3), (0, £1),
(—1,0); for k = D3, D # 1, the point (—D, 0); and for k = B2, B # 1, the points
(0,£B). In other cases, the torsion group is trivial. It follows that the only (finite)
points on O}, occur when k = —1, with points (£1,0); and when & = B2, with points
(0, £B). Similarly, if & has rank 0, the same Theorem shows that no (finite) points
arise on C. In the range |k| < 50 at least one curve &; has rank 0 when

k==+1,42 -3,+4,+5,+6,£7,£8,+£9, —10,£12,13, £14, £16, —17,
+ 18, £19, £20, 21, £22, £23, —24, 25, 26, £27, 29, £30, —31, £32,
+ 33, £34, —36, 37, 38, £40, £41, £42, +44, 45, —46,49, 50 .
So, for the above k’s equation (1) is immediately solved.
2.2. Elementary arguments

Henceforth we shall assume that the ranks of both £ and & are positive. In the
range |k| < 50, this is the case for for the following values:

k= —49, —48, —47, —45, —43, —39, —35, —29, —28, —25, —21, —15,

3) —-13,-11,3,10,11,15,17,24, 28, 31, 35, 36, 39, 43, 46, 47,48 .
Now, finding all finite points on (1) is equivalent to solving
4) O+ ky =22 @y z€Z y#0, (v,y) =1,

where X = 2/y and Y = z/y>. The factorization (z + 2°)(z — 23) = ky® of (4) is
easily seen to lead to a number of equations of type

%) Ay} + Bys =y3, A,BEZ.
The curve (5) has maps to elliptic curves as follows, where the notation
E = [a,b,c,d,e}

means that F is the elliptic curve with Weierstrass coefficients a, b, ¢, d, e:

A AQ 3
(6) < v, ;j’l) on Ey:=1[0,0,0,0,—A%B],
Y3 Ys

Bu- BQ 3
( 23, §2> on Ej:=[0,0,0,0,—AB?];
Y1 Y1
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and

7 (V= ABulys (Ayf — Bys)(2Au + Bys)(Ay? +2By5)
4.2 2061503
Y1Y2Y3 Y19293

on Ez:—= [0,0,0,0,—%14232] .

If the rank of E; or E» is 0, then the solution of (5) is immediate. (The curve Ej is in
fact 3-isogenous to the curve &2, so by previous assumption has positive rank).

According as to the possibilities for k& (mod 4), four distinct types of equation (5)
arise, which we denote by Types I, II, III, IV, as follows.

e Cases where k =1 (mod 2).
I 20° =00 + 6098 y1p #0, (A, B) = (401,462)

Yy =Y1y2, 0102 = —k, d2 >0,

1) 1)
((;yl, ;y2> =1, 6 =(61,02), (2z,31y2)=1.

II : 1’3 = 16(51y? + (52yg Y1Y2 75 0, (A, B) = (1651, 52) ,

y= 2919% 5152 = _kv 62 > 07

26 )
<513/1, 523/2> =1, 0 =(31,02), (z,2y1y2)=1.

e Case where k =0 (mod 4).
II: 2 =0 + 6205 1y #0, (A, B)=(01,8),

y=11y2, 01062 =—% 6,>0,

1) )
(;yl’ 523/2) =1, 6§ =(d1,02), (2,9192)=1.

e Case where k = 2 (mod 4).
IV: 2® =325 + 6205 yiye #0, (A, B) = (326,62),

y=2y1y2, 0162 =—5% 6,>0,

26 )
<51y1, 523/2) =1, 0 =(01,02), (z,2y12)=1.

Equation (4) is thus reduced to a set S(k) of equations of type I, II, IIL, IV. For the
following values of k at (3), all equations in S(k) are either impossible or have only the
obvious solutions:

k= —49, —48, —45, —13, 11,28, 36, 39, 46, 47 .
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This is proved by showing that each equation in S(k) either is impossible modulo m,
where m € {7,8,9,13}, or corresponds to a curve F; at (6) with zero rank for either
1=1or¢=2.

For the following values of k all equations in S(k) are also impossible; however, for
at least one element of S(k), more refined but still elementary arguments are required:

k=—43,—35,—29,—25 —21,31.

We choose to give in the following subsection some details of the proposed elementary
method when k£ = —35 which is a most characteristic case. Here, S(—35) consists of
two equations of type I and four equations of type II. Five out of the six equations are
impossible as congruences modulo 7 or 8 and only the equation (of type II)

remains. This belongs to the more general class of equations
©) DY} +Yy = X% Yi#0, (DY1,Yz) =1,

where D is a sixth power free non-zero integer.
It is worth noting that for a number of D’s, equations (9) can be treated by quite

elementary means.

2.2.1. An approach to (9) with application to k = —43, —35, —21, 31
We distinguish two cases, depending on the divisibility of X — Y2 by 3.

Case (i): X — Y2 # 0 (mod 3). In this case (X — Y2, X2 + XYZ + Y3}) = 1,
DY; #0 (mod 3) and

X Y8 =diV{, X?+XY7+Ys=dV/],
where
dide = D, dy >0, (2d1Y3,d2Ys) = 1,
Yi=Y3Va #0 (mod 3), (X,Y2¥3Y3) = 1, (Ya,d) = 1.

Substitution of X from the first equation into the second gives

(10) 3Yy 4+ 3d1YZYY + 3V = doYy .

Observe first that the following conditions are necessary for (10) to be solvable:

(@) (da,d1) = (1,1),(1,7),(1,8),(4,2),(4,4),(4,7),(7,1),(7,4),(7,5) (mod 9),

d
(b) (iﬁ) =1, forevery odd prime divisor p of d;,

() p=1 (mod 3) forevery odd prime divisor p of ds.

Note that in our example with & = —35, only equation (8) is left to treat, and
accordingly we take D = 16 - 35. It is straightforward to check that the first condition
above is satisfied for no pair (dg,d;) which means that (8) is impossible whenever
x # y3 (mod 3).
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Case (ii): X — Y7 =0 (mod 3). In this case let
5 if =0,
37|D and v=< 6 ifr =1,
T—1 ifr>2.
It is easy to see that
X - Y =3"d\YY, X?+XYP+Yy=3dY)

with
v4l—7

dido=3""D, dy>0, Yy =3 6 Y3Yy,

and where

(2d1Y3,doYy) =1, (X,3" "7V, ¥3Y,) =1, (Ya,do) =1.

Substitution of X from the first equation into the second gives
(11) Yy 4+ 3Yd YYD + 37T 3V, = doYP

Necessary conditions for the solvability of (11) are the following:
d
(a) <2> =1 for every odd prime divisor p of dy,
p

(b) p=1 (mod 3) for every odd prime divisor p of ds .

In the case £k = —35, D = 16 - 35, we have 7 = 0, v = 5, and the conditions above are
satisfied by no pair (da, d1) except for (dg,d;) = (1,16 - 35), for which equation (11)
has an obvious solution and hence cannot be excluded by congruence considerations.

To proceed further, however, we factor (11) over Q(w), where w? +w + 1 = 0,
obtaining (for all values of k):

(12) Y3+ 3" (2 + w)YS = (m + nw)(a + bw)®,  m,n,a,b € Z,

where
2

m? —mn+n?=dy, a®—ab+b*=1Yy, (a,b)=1.
Moreover, if T # 2 we can assume without loss of generality that
m#0, n=0 (mod3) and abisoddwitha+bZ0 (mod 3).
From (12), on equating coefficients of w, 1, we obtain
(13) Fi(a,b) =3""1d, Yy,
Fy(a,b) = Yy,
where
Fi(a,b) = na® + 6(m — n)a’b — 15ma*b? 4+ 20na’p?
+ 15(m — n)a?b* — 6mab® + nb®,
Fy(a,b) = (m — 2n)a® — 6(2m — n)a’b + 15(m + n)a*b? 4+ 20(m — 2n)a®v?
—15(2m — n)a®b* + 6(m + n)ab® + (m — 2n)bS .
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In our case k = —35, we have do = 1, so n = 0, and equation (13) becomes
ab(a —b) (a+ b)(2a — b)(a — 2b)
2 2

where the two factors on the left-hand side are relatively prime. Putting a/b = u € Q
we obtain

(14)  u(u—1)=2cw}, (u+1)2u—1)(u—2)=2c0ws, wi,wrcQ,

where c1, co are relatively prime positive integers with ¢;co = 140. It is easily checked
that for every such pair (c1, ¢2) at least one of the elliptic curves at (14) is of zero rank,
from which we easily conclude that equation (8) is impossible in case (ii).

= +2%.3%.35Y)

Mutatis mutandis, for the remaining values of k of this subsection, namely
k= —43,-21,31

(as well as for £ = —972, the example considered by Coombes and Grant [6]), the set
S(k) contains equations that are either impossible or possess only trivial solutions.

2.2.2. Congruences on elliptic curves with application to kK = —29, —25

If an equation in the set S(k) is everywhere locally solvable, yet is suspected of
having no rational solution, we can in some instances still prove impossibility by el-
ementary means using the following trick involving congruences with points on el-
liptic curves. For the remaining values of k in the range |k| < 50, this applies to
k = —29,—25 (see also k = —15 in section 4.4).

The set S(—25) comprises two equations of type I and two equations of type IL.
Three out of the four equations correspond to a zero rank elliptic curve F; at (6) for
either i = 1 or i = 2. Only the equation 5y¢ + 5y§ = 223 remains. It is not difficult
to prove that this equation is everywhere locally solvable. However, according to our
general discussion at the beginning of section 2, a solution (z, y1, y2) (y1y2 # 0) gives
rise to a point Q1 = (10x/y?,50y3 /y3) on By = [0, 0,0,0,—4 - 54]. This elliptic
curve has rank 1, with E7(Q) generated by the point P = (50, 350) of infinite order.
Let Q1 = n - P. Itis easily checked that

n-P=0,(7,£6),(42,£6),(37,£6) (mod 43).
Since the second coordinate of @1 equals 50y3 /y3, and the congruence
50Y3 = +£6 (mod 43)

is impossible, we conclude that the only possibility is @1 = O (mod 43). This means
that yo is divisible by 43, and consequently

5y = 22°  (mod 43),
which is possible only if y; is divisible by 43; this contradicts the fact that ¥y, yo are

relatively prime.

The case k = —29 can be treated in complete analogy. The set S(—29) contains
exactly three equations, two of which furnish a zero rank elliptic curve E;. Only the
equation 169 + 29y$ = x3 remains, which is everywhere locally solvable. A solution
(z,y1,y2) gives a point Q2 on Ey := [0,0,0,0,—16 - 29° | of rank one and generator

P = (33085897/6062, 120969272827/606°) .
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The relation Q2 = (292 /y3,29y3 /y3) = n - P is proven impossible as above, working
modulo 19.

3. Application of elliptic Chabauty

In the range |k| < 50 we are left with the following values
(15) k= —47,-39,—-28,-15, 11, 3,10, 15,17, 24, 35,43, 48 .

A natural approach to equation (4) is to factorize it over the field K = Q(6), where
62 = k. The maximal order O of K has one fundamental unit ¢(#) which we normal-
ize by sign to satisfy e(k'/3) > 0 for the real cube root k'/3 of k. For k # +1 (mod 9),
the ideal (3) factors as (3) = p3; and when & = +1(mod 9), then (3) = p3pZ. We
deduce from (4) the following ideal equations

(16) (z* — 0% + 0%y1) = ca®,  (2? +0y®) = b, (2) =cab
for ideals a, b, ¢ of O, where

¢ = (2 — 02%9% + 0%yt 2% + 0y?) = (2 + 047, 36%) .
If the highest power of every rational prime dividing k is odd, then

._JOK ifk#8 (mod9),
~ | pspy ifk=8 (mod9).

If there exist rational primes whose highest power dividing & is 2 or 4, then ¢ is as
before, times an ideal ¢y which is divisible only by prime ideals over such rational
primes with exponents bounded by a small explicit integer.

In general, the equations at (16) are equivalent to a system of element equations
17) at — 0% 4+ 0%yt = cw?, 22402 = ?, 2= cww,

for finitely many ¢ € K. We focus on the quartic curve C' defined by the first equation
in (17). If this quartic represents an elliptic curve over K (so in practice, if we can find
a solution (z, y, w) in K), then we seek points (x/y,w/y?) on the curve subject to the
rationality condition z/y € Q. We make extensive use of the Magma routines (inter
alia) PseudoMordel1lWeilGroup, with parameter IndexBound: =2, to compute
a subgroup of odd finite index in C'(K'), and Chabauty for computing the K -points
on C' with prescribed rationality condition.

As a characteristic example, consider k = —28. Here, K = Q(f) with 3 = —28;
the fundamental unit is € = (—2+260+602) /6, the class number of O is 3 and we have
four quartics C; corresponding to ¢ = 1,¢,4 + 6, €(4 + 0), respectively. Both quartics
Co and Cy are unsolvable at the prime ideal (2, (4 + 260 + 62)/6). For Cy, Magma
routines show that there are no solutions with y # 0. As for Cj, it has several points
over K, the “simplest” one being

(z/y,w/y?) = (=2,6/(4+9)).
Chabauty reveals z/y = =+2 as the only possibility with y # 0, which returns

(£X,1Y) = (2,6) as the only finite points on (1). In an analogous manner, we
solve equation (4) and hence (1) when & = 3, 10, 17, 24, 35, and 48; see the table in
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section 6. Note that these values of k do not cover the full list (15). Why not? This is
discussed in sections 4 and 5.

4. The difficult cases kK = 15,43, —11, —15

We were unable to apply directly methods of the previous section for the values
k = —47, =39, —15, —11, 15, 43. In most cases, for at least one value of ¢ in (17),
our machines were unable to compute the relevant Mordell-Weil groups over the cu-
bic number field K. Oftentimes the Selmer bound on the rank was equal to 3, but at
most one non-torsion point could be found, indicating the possible presence of a non-
trivial Shafarevic-Tate group (of course, if the rank is actually equal to 3, then elliptic
Chabauty arguments over a cubic number field must fail). It is possible that a standard
descent could be carried out by hand in such cases, but the calculations are rather daunt-
ing. Such an example of Selmer rank bound 3 occurs for instance when k£ = 15 with
c=¢€=1-—23004 1262, 03 = 15 (¢ being a fundamental unit in Q(#)). In such cases
we also investigated the quartic cover obtained by eliminating z at (17), which results
in the curve

2

(18) cvt — 30v%y% + %y‘l = w?

Here, and in several other cases, the K -rank of the curve (18) could be computed ex-
actly but turned out to equal 3 (and in one case, 4), so not strictly less than the degree
of Q(6); hence Chabauty is not applicable.

We adopt an alternative approach, which is successful for four of the values, namely
k = 43, 15, —11, —15. This approach involves factorization over an appropriate qua-
dratic number field of the equation of type I, II, III, IV that is causing the difficulty.

4.1. Case k = 15
Here, the finite points are (£1,+4), (£1/2,£31/8).

We have to solve the equation 2% 4+ 153% = 22, and following the approach of
section 2.2.1 we are left with solving each of the two equations

(19) —5y8 +3yS =22, yi,y00dd, (5y1,3y2) = 1
and
(20) —169% + 1595 = 23, (2y1, 151) = 1.

We work in K = Q(¢), ¢*> = 15, with maximal order Ok. The ideal (2) = p3,
p2 = (2, 1+ ¢), and the ideal classgroup of O is of order 2, generated by pa. We have
(3) = p2, p3 = (3,0); (5) = p2, p5 = (5, ¢). A fundamental unit is € = 4 — ¢.

4.1.1. Equation (19)
We have
(yid + 3y3) (yid — 3y3) = —62°,
and the ged of the two factors on the left is precisely paps = (—3 + ¢). Thus

(76 + 3ys) = (=3 + ¢) A°,
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for an ideal A prime to papsps of Ok. Since A3 s principal and the class-number of
K is 2, A is principal. So there exists y3 € O satisfying

1) Yio+3ys = € (=3 +¢)y3, i=0,+L

Equation (21) represents a curve of genus 1 over K, which is locally unsolvable at p3
when i = 1; further, since e }(—3 + ¢) = (3 + ¢), the curve with i = —1 is simply the
conjugate of the curve with ¢ = 0. It suffices therefore to find all points with rational
Y1 Y2 0n

(22) yio + 3y5 = (=3 + )y,

which is an elliptic curve since it possesses the point (y1,y2,y3) = (1,—1,1). The
Magma routine PseudoMordellWeilGroup tells us that the curve has rank 3 over
K, however, exceeding the degree of K, and so we cannot directly use the elliptic
Chabauty method and Magma’s relevant routines. We overcome this difficulty as fol-
lows. In (22), put y3 = a + bo, where (a,15) = 1, a + b = 1 (mod 2), and where,
changing the sign of each y; if necessary, we may assume a = 1 (mod 3). Then

a® — 9a?b + 45ab® — 450° = 7,

(23) 3 2 2 =y
—a” + 15a°b — 45ab” + T5b° = v,

defining rational elliptic curves of rank 1, 2, respectively. The cubics at (23) factor
over the field L = Q(v), ¥* — 31 + 8 = 0. A fundamental unit in the ring of
integers O, = Z[1,9,1?] is n = 5 + 2. We have (2) = P B5 with Po = (2,v),
B = (2,14 ¥); (3) = P3 with Ps = (3,2 + 1); and the classgroup is of order 3
generated by Po, with B3 = (1)). From (23),

(a4 (% + ¢ = 5)b)(a® + (—¢* — ¢ — d)ab+ (3¢* — 3¢ + 9)b%) = o/},

(a+ (—* + ¢ = 3)b)(a® + (Y* — ¢ — 12)ab + (—5¢° — 5 + 25)b*) = —yj.
By the assumptions on a, b, it is straightforward to verify in each equation that the two

factors on the left, considered as principal ideals, are coprime, and hence equal to ideal
cubes. Now an ideal equation (u) = 3% implies one of the principal ideal equations

(w) = (v)*, @) = ()°,  (W)(u) = (),
according as B ~ 1,%, B¥3. So without loss of generality we deduce element equations
o Wi+ @2+ - B)b) = e},
W2 (a® + (=% = = 4)ab+ (39% = 3¢ + 9)b%) = 0 T'cj,

with i1 4+ i3 = 0 (mod 3), j; = 0,+£1, and

¥ (a + (=2 + 9 — 3)b) = n’>cl,

(25) . .
" (a® + (p* — ¢ — 12)ab + (—5¢° — 5 + 25)b%) =~ 72cf,

with i3 +i4 = 0 (mod 3), jo = 0,£1;and ¢;,i = 1,...,4,in Of.



164 ON THE EQUATION Y2 = X6 1

We denote the PBs-adic (additive) valuation of an element @ € Of, by v(«), the
highest power of B3 dividing (), and for reference list here the valuations of certain
elements of Oy, (the coefficients of the polynomials occurring at equations (24), (25)):

v+ =5) =2, w4’ -y —4)=2 vy -3p+9)=4

v(—*+ ¢ —3)=1, v’ —¢—12)=1, v(=5¢>—5p+25) =2
further,
vin—-1)=1, v(y-1)=1,

so that /® = 1 (mod 3). Thus (24) and (25) imply that ¢} = 1 (mod P3),i = 1,...,4,
so that ¢; = 1 (mod B3), whence ¢} = 1 (mod 3), i = 1,...,4. We consider the first

equations at (24) and (25) modulo g,_distinguishing cases according as to the residue
class of b modulo 3.
Subcase (i): b = 0 (mod 3). Then
Y=t gt =,
which forces (i1, i3, j1, j2) = (0,0,0,0), and (iz, 1) = (0,0).
Subcase (ii): b = 1 (mod 3). Then
VR Y —4) =" (gt 4 - 2) =0,
which forces (i1, 43, j1,72) = (1,2,2,2) and (i2,i4) = (2,1).
Subcase (iii): b = —1 (mod 3). Then
Y=yt = +6)) =0, R — g+ 4)) =1,
which forces (i1, 43, j1,72) = (2,0,1,2) and (i2,i4) = (1,0).
Consequently, when we form the following equation using factors from (24), (25),
W a+ (7 49 = 5)b)(a” + (¥* — v — 12)ab
+ (=5y? — 5ip + 25)b?) =t P23,

we have the three possibilities:

(a+ (V* + ¢ = 5)b)(a® + (¥* — ¢ — 12)ab + (=50 — 5¢p + 25)b%) = ¢*,
V2 (a+ (W +1p = 5)b)(a® + (? — i — 12)ab + (=5p? — 5ep + 25)b%) = 2,
V2 Ha+ (W? + 9 —5)b)(a® + (V2 — o +12)ab+ (—5¢% — 5ip + 25)b%) = 13,

each representing an elliptic curve over L having no L-torsion and of rank 2 over L.
Note that now the rank is less than the degree of L which permits us to attempt the
elliptic Chabauty method using the Magma routines. And indeed, these routines show
the following. The only point with rational @ : b on the first curve is whena : b =1: 0,
returning (X,Y’) = (1,4) on (1). Further, there are no such points on the second and
third curves.
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4.1.2. Equation (20)
We have

(Y59 + 447) (y3 0 — 4y3) = 2°,
and the two factors on the left are coprime, so that
(Y30 + 4yi) = A?,
for some ideal A prime to papsps of Ok . Then as above, there exists y3 € O satisfy-
ing

(26) ysp+4ys = eys, i =0,+1.

Equation (26) is not locally solvable at p3 when 7 = 0, and the curves corresponding to
1 = %1 are conjugate; so it suffices to consider only the case ¢ = 1:

27) ysd + 4y} = (4 — ¢)ys,

which is an elliptic curve since it possesses the point (y1,y2,y3) = (1,—1,1). The
K -rank of the curve is 3.

In (27), put y3 = a + b, with (a,15) = 1, a+ b = 1 (mod 2), and where, without
loss of generality, a = 1 (mod 3), to give
— a® 4 12a%b — 45ab” + 60b° = 43,
(28)
4a® — 4502 + 180ab® — 225b° = 4y/3,

defining rational elliptic curves of ranks 2, 1, respectively. Note that the second equa-
tion implies b(a? + b?) = 0 (mod 4), so that necessarily a is odd, b = 0 (mod 4).

In (28) we factor over L:
(a+ (¥ —4)b)(a® + (= — 8)ab + (¥* + 4y + 13)b°) = —y3,
(a+ (=9 — 4p — 13)b)(a® + 2 (¥ + 4 — 32)ab + 2 (—¢ + 4)b%) = 43,

and again in each equation the two factors on the left, considered as principal ideals,
are coprime and hence ideal cubes. Just as above, we deduce element equations

P (a4 (¥ — 4)b) =1’ c},
V"2 (a® + (= — 8)ab + (Y* + 4y + 13)b%) = e,

with i1 4+ i3 = 0 (mod 3), j; = 0, £1, and

(29)

¥ (a+ 1(—9? — 4y — 13)b) = n’*ci,
(30) . ,
P (a® + (W + 4p — 32)ab + B (—yp + 4)b*) = n 2],
with i3 +i4 = 0 (mod 3), jo = 0,£1,and ¢;, i = 1,...,4,in Of.
We have the following valuations:
(-4 =1, v~ -8)=1, v +4b+13)=2,
v(? +49 —32) =2, w(15(—1 +4)) =4,
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so that as before, ¢; = 1 (mod 3). We consider modulo 3 the first equations in (29) and

(30), distinguishing cases according as to the residue class of b modulo 3.
Subcase (i): b = 0 (mod 3). Then
Y=, B =,
forcing (i1, 3, j1,72) = (0,0,0,0) and (i2,74) = (0,0).
Subcase (ii): b = 1 (mod 3). Then
WY =3) =" OR (Y - Ay —9) =0,
forcing (i1, 13, j1,72) = (2,2,0,1) and (i2,44) = (1,1).
Subcase (iii): b = —1 (mod 3). Then
V(=5 =0, B Ay +17)) =12,
forcing (71,13, j1,72) = (0,1,1,2) and (i2,i4) = (0, 2).
Consequently, when we form the equation below using factors from (29), (30),
Y1 (a+ (P — 4)b) (a® + (0 + 4 — 32)ab + (=1 + 4)b*) = /17727,

we have the three possibilities:

(a4 (b — 4)b)(a® + (4 + 49 — 32)ab + B (= + 4)0%) = &,
(a+ (¥ —4)b)(a® + (P + 49 — 32)ab + LB (—y + 4)p%) =713,
P2 (a+ (1 — 4)b)(a® + L(¥? + 4 — 32)ab + L2 (—p + 4)b%) =,

again each representing an elliptic curve of rank 2 over L. Working 13-adically, hav-
ing shown that the group index is prime to 3 (actually we need it prime to 6, but the
construction of the routine PseudoMordellWeilGroup guarantees that the index
is odd), we find that the first curve has a point with rational @ : bonly ata : b =1 : 0,
returning (X,Y) = (—1/2,31/8). Working 13-adically, with auxiliary prime 43, we
find there are no points with rational a : b on the second curve (where we needed to
show the group index is prime to 3); and working 13-adically, with auxiliary prime 17,
we find there are no points with rational a : b on the third curve (where we needed to
show the group index is prime to 3). In summary, the only finite points on (1) are given
by (£X,+Y) = (1,4), (1/2,31/8).

4.2. Case k = 43
Here, the finite points are (£3/2,+59/9), (£7/3, £386/27).

This case is similar to the previous one. The set S(43) derived in section 2.2 con-
tains the three globally solvable equations:

3D 23 = —y? + 43yg, = —16y? + 43yg, x® = —688y§5 + yg.

We factor the first two equations over the field Q(¢), where ¢? = 43. As before, we
are led to working in a cubic field Q(¢), where now 3 — 1% + 1) — 9 = 0. In analogy
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to the equations at the end of sections 4.1.1 and 4.1.2, we obtain the equations:
((—=* = 1p = 3)a+ (6¢° 4 6¢ + 17)b)
x ((fm@z)? ~ 13 — 34)a? + (12492 + 1630 + 417)ab
+ (=387y? — 516y — 1290)52)
= (- + v +3)(2 - v,

where £ = 0,1, 2, and

(32)  ((5¢* + 61 + 20)a + L (—¢? — 29 — 5)b)

x (3(=v% = 46 = 5)a? + J(u? — 20 + 1)ab— 1?)
= 359 + 4 + 17)e' P,

where £ = 0, 1, 2. Just as before, these equations are amenable to the computer routines,
and deliver precisely the two known finite solutions. It is worth mentioning that the
relevant Mordell-Weil group on this latter curve of rank 2 over Q(¢) could not be
computed directly with Magma because of the large height of one of the generators:
the generators on (32) may be taken as (a, b, c) = (0, —7¢ + 16, 1) and

(a,b,c) =
(%(—2496358%2 + 483730184 + 20008291),

18015880%)% — 1322979361/ + 209249791,
314186944)° + 463767361) + 127224108).

It was necessary to consider a 3-isogenous curve where by luck the relevant group
could be computed directly. This gives rise to a full rank subgroup on (32), successfully
feeding into the Chabauty routine.

For the third equation in (31), the solution is accomplished by the elementary meth-
ods of section 2.2.

4.3. Case k = —11
Here, the finite points are (£3/2,+5/8).

We have to solve 25 — 11y% = 22, where x, 11y, z are pairwise relatively prime.
Following the approach of (2.2.1), we are left with solving

(33) 23 = 169% + 11485,

where y = 2y1y2 and (2y1, 11y,) = 1. Considering equation (33) modulo 9 shows that,
if either y; or ys is divisible by 3, then both y; and y5 are divisible by 3, a contradiction;
hence y1y2 #Z 0 (mod 3). We factorize equation (33) as

(497 +V—11y5 ) (4y? — V—11y3 ) = 2*,

where the two factors on the left hand side are coprime in the ring of integers of
Q (\/ —11 ), a field of class number 1. It follows that

3
14++/—11
4y?+\/711y§ = <a+b( 5 )>
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with a, b € Z, and hence that
(34) b(3a® — 3ab — 2b%) = 2y5, (2a — b)(a® — ab — 8b?) = (2y1)3
with (a,b) = 1. These equations define elliptic curves of ranks 2 and 1, respectively.

Note that the second equation modulo 9 shows that b Z 0 (mod 3).

Since (b, 3a) = 1, the two factors on the left-hand side of the first equation at (34)
are coprime. We also have

(2a — b,a® — ab — 8b*) = (2a — b,33) = 1,
since (y1,33) = 1. It follows that
b=2"x cube, 3a%—3ab—2b>=2'"" x cube (i =0,1),
2a — b = cube, a® — ab— 8b* = cube.
If ¢ = 1, then we deduce
b=28% 2a—b=28a a%—ab— 8 =43,
so that
16a°% — 338°% = 3.
This is an equation of type (5), and taking (A, B) = (16, —33), we discover that the

corresponding elliptic curve E3 at (7) has rank 0; and no solutions arise for a, b. Thus
1 = 0, and we have

(35) b =cube, 2a— b= cube,

a? — ab — 8b? = cube, 3a® — 3ab — 2b% = 2 x cube.
Note that, in the above equations, a®> — ab — 8b? is not divisible by 11 because it is
a factor of y;. Also, 3a? — 3ab — 2b? is not divisible by 11 for, otherwise, it would
be divisible by 112, which implies b = 0 (mod 11), hence also a = 0 (mod 11), a
contradiction. These observations will be needed below, when we calculate greatest
common divisors.

We work in the field Q(¢), £€? — € — 8 = 0. The class-number is 1, a fundamental
unit is 7 = 19 + 8¢, and we have the prime factorization 2 = (2 + &)(—3 + &).

The latter two equations in (35) may be written as follows:
(a —&b) (a+ (—1+&)b) = cube,
(54+28a+ 24+ b)((T—2)a+ (3—E)b) =2 x cube.

The greatest common divisor

(a—&bya+ (—1+&)b) = (a— &b, 1 —28) = (a— £b,V/33) =1,
since (y2,33) = 1. Thus

a—¢& =1/ xcube, a+ (—1+&b=n" xcube, j=0,=%1.
Further, the greatest common divisor

((5+28)a+ (2+ b, (T-28)a+ (3 - £)b)

=(56+2a+ (2+Eb,1 -2 =1,
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as before. Thus
(54 26)a + (2+€)b = n* 7 x cube,
(7T—28a+(3—6b=n""7 xcube, k=0,=I1,
for 7 and 7 equal to the two prime factors of 2. Summing up, we have
b = cube, 2a — b= cube,
a+ (—1+6b=n"7 xcube, (5+28)a+ (2+&)b=n"7 x cube,
for m = 2 4+ £ or —3 4 £. We form the elliptic cubic
ba+ (=1+&)Db) (5+28)a+ (2+&)b) =n'm x cube, £=—j+Fk,
where without loss of generality, ¢ = 0, 1.

Consider first 7 = 2 + £. For each value of ¢ = 0, £1, the corresponding elliptic
curve has rank 1 over Q(&), and we can apply the elliptic Chabauty method. For ¢ = 0,
we find that the only solutions are ¢ : b = 1:0, —7: 3 which are rejected in view of (34).
For ¢ = 1, the only solutions are a:b = 1:0, 0:1 and only the second satisfies (34),
giving y1 = 1l,y2 = —1, hence y = —2, 2 = 3,z = +£5, which returns the points
(£X,1Y) = (3/2,5/8) on (1). For ¢ = —1, the only solution is a: b = 1:0 which is
rejected in view of (34).

Second, take m = 3 — £. Again, each £ = 0, £1 results in a rank 1 elliptic curve.
If ¢ = 0, application of Chabauty shows the only solutions tobe a:b = 1:0, 1:1.
In view of (34) the first is rejected, and the second gives y;1 = —1,y2 = —1, hence
y = 2,x = 3,z = +b, again returning the points (£ X, £Y") = (3/2,5/8) on (1). If
¢ =1, the only solutions are a: b = 1:0, 10 : 3 which by (34) we reject. If £ = —1, the
only solutions are a : b = 1:0, which by (34) we reject.

44. Case k = —15
Here, the finite points are (£2,£7).

We have to solve 20 — 153% = 22, where x, 15y, 2 are pairwise relatively prime.
Following the approach of section 2.2.1, we are left with solving the pair of equations

(36) 80y +3yS =2,  (10y1,3y2) = 1, y = 2y192,

and

(37) y? +15y5 =22°,  (y1,15p2) = 1, y1ys odd.

To deal with (36), we use ideas of section 2.2.2. On the corresponding curve

3
Ei:Y?=X3— 3715, (X,Y) = (5”2“"10(?/1) ,
Y Y
the torsion is trivial, the rank is 1, and a generator P is given by P = (10,25). We
check that if n = 1,2,4,5 (mod 6) then the Y-coordinate of n - P has odd numerator
and denominator. Indeed, for n = 1,2,4, 5 this is straightforward; further, a symbolic
computation shows that if we add to 6- P a point (u/t?, v/t3), where u, v, t are integers
with vt odd, then the resulting point has Y -coordinate with odd numerator and denom-
inator. Hence for n = 1,2,5,6 (mod 6), the Y-coordinate of n - P cannot have the
required shape 1003 /y3 with y2 odd. It remains to check the cases n = 0,3 (mod 6).

But if n is a multiple of 3, the following are the possibilities for the Y -coordinate of
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n - P: either it is congruent to £9 modulo 19, or its denominator is divisible by 19. The
first alternative is impossible because it implies that 100(y1 /y2)% = £9 (mod 19); and
the second implies yo = 0 (mod 19), but then the initial equation 80y} + 3y$ = 23 is
impossible modulo 19 when (y1,y2) = 1.

Now we focus our attention on equation (37). We work in the field Q(6), where
62 + 6 + 4 = 0, with class-number 2 and integral basis 1, §. We have the ideal factor-
izations

(2) = paph, P2 =(2,1+0), pp=1(2,2+0).
The ideal-class py generates the classgroup, and p3 = (1 + 6). After an appropriate
choice of signs for y1, y2, the ideal factorization of (37) implies without loss of gener-
ality
(i + (20 + 1)y3) = p2a®

for some integral ideal a such that paa is principal. This results in an equation
(0+ 1)y + (0 = T)y3 = y3

for some y3 € Z[6], which represents an elliptic curve over Q(¢) (note that it contains
the point (1,—1,2)). The Q(f)-rank is 1, and Magma routines (but see the Remark
below) show that (y1,y2,y3) = (1,—1,2) is the only point over Q(¢) with rational
y1 : y2. This gives y = —1, and by (37), x = 2. Returning to (1), the only finite points
are (£ X, 1Y) = (2,7).

Remark. We had to resort to setting IndexBound:=3 in order for Chabauty
to return a result. But it is straightforward to check that the subgroup (in this case, of
rank 1) returned by PseudoMordel1WeilGroup has index in the full Mordell-Weil
group which is prime to 3.

5. The unsolved equations

In the considered range of k, we are left with & = —47, —39. If we try to apply
the ideas of section 3, then relevant Mordell-Weil groups could not be computed. For
example, at k = —47, ¢ = 1, the quartic curve at (17) has Selmer rank 3, with only
one point of infinite order found. The curve in (18) has K-rank 4. Trying to apply
the ideas of section 4 for k = —39 leads to curves with bound on the rank 2, but
where we are unable to find any points; and similar obstructions arise for k = —47.
We have tried various further attacks on these equations, so far without success. It has
been suggested to us that the computations of this paper be automated to extend the
calculations for k in a range “somewhere in the thousands”; but without a mechanized
2-descent algorithm for elliptic curves over number fields, at the very least, even a
range into the hundreds is well beyond our abilities. In exploring the unsolved cases
of this section, we have resorted to much manual intervention in Magma programming,
primarily choosing appropriate models for curves and their isogenies to replace the ones
returned by the routine E111ipticCurve, which can have huge coefficients, possibly
greatly increasing the running time of the algorithms. When the number field has class-
number exceeding 1, we know of no uniform method for choosing models that are
potentially better suited as input to PseudoMordel1WeilGroup.
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For interest we searched the curves (1) for rational points with height at most 20000
in the range |k| < 250000. The maximum number of points found was 22, at k = 1025
with the finite points

1 2049\ (5 285 20 24126045
+X,4Y :(2, ) ===, 77—,(,1), s )
( ) 33 <4 64> (2 8> 5018 ) o1 o

and at £ = 110160, with finite points (all integral)
(£X,1Y) = (2,332), (3,333), (6,396), (9,801), (14,2764).

The point of largest height that we observed in this range occurs for k = —212860, with
point (3866/427, 45259682826/4273). Increasing the search range and decreasing the
height bound finds the curve at k& = 7547408 with 26 points, the finite points occurring
at

4
(£X,+Y) = (4, 2748) | ((155@307> (7 343407>’

63 5 5
28 77356 139 3841869
16, 4 2) 11390 , ,
(6’ 93 ’<3 33 )’(10 103 )
Note that the curve
1
y2 =25 + (4a12 + 1>

automatically contains the points

111 1 L
(X, £Y) = <a2’a2+2a6>, <a,1+2a6> and <2a4,8a12+1>.

For the curve at k = 2089 only 14 points were found, but the (finite) points comprise

96 886825 162 28389097 289 41143681
— ], » ———— | and |,
11 113 85 853 90 903

remarkable for their large heights.

(£X, 1Y) = <

6. All rational solutions to (1) in the range |k| < 50

We summarize the computations of the previous sections in the following table,
in which the * symbol means that the given set of points has not been proved to be
complete.

TABLE 6.1  All rational solutions (X, 4+Y)to Y? = X% + £, 1 < |k| < 50.

k Solutions Ref. section k Solutions Ref. section
—50 0 2.1 50 0 2.1
—49 0 2.2 49 (0,7) 2.1
—48 (2,4) 2.2 48 (1,7) 3
—47 (53, 219953) 5 47 0 2.2
—46 0 2.1 46 0 2.2

(continued)
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TABLE 6.1 (continued)

k Solutions ~ Ref. section k Solutions Ref. section
—45 0 2.2 45 0 2.1
—44 0 2.1 44 0 2.1
—43 0 2.2.1 43 (3.5, (%. 380 4.2
—42 0 2.1 42 0 2.1
—41 0 2.1 41 0 2.1
—40 0 2.1 40 0 2.1
-39 (2,5)* 5 39 0 2.2
—38 0 2.1 38 0 2.1
—37 0 2.1 37 0 2.1
—36 0 2.1 36 (0,6), (2,10) 2.2
—35 0 2.2.1 35 (1,6) 3
—34 0 2.1 34 0 2.1
—33 0 2.1 33 0 2.1
—32 0 2.1 32 0 2.1
-31 0 2.1 31 0 22.1
—30 0 2.1 30 0 2.1
—29 0 222 29 0 2.1
—28 (2,6) 3 28 0 2.2
—27 0 2.1 27 0 2.1
—26 0 2.1 26 0 2.1
—25 0 222 25 (0,5) 2.1
—24 0 2.1 24 (1,5), (311 3
—23 0 2.1 23 0 2.1
—22 0 2.1 22 0 2.1
—21 0 2.2.1 21 0 2.1
—20 0 2.1 20 0 2.1
~19 0 2.1 19 0 2.1
—18 0 2.1 18 0 2.1
—17 0 2.1 17 (2,9), (5-32) 3
—16 0 2.1 16 (0,4) 2.1
~15 (2,7) 4.4 15 (1,4) 4.1
—14 0 2.1 14 0 2.1
~13 0 2.2 13 0 2.1
—12 0 2.1 12 0 2.1
—11 (3:9) 43 11 0 2.2
—10 0 2.1 10 (3.30) 3

(continued)
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TABLE 6.1 (continued)

k Solutions  Ref. section k Solutions Ref. section
-9 0 2.1 9 (0,3) 2.1
-8 0 2.1 8 (1,3) 2.1
-7 0 2.1 7 0 2.1
—6 0 2.1 6 0 2.1
-5 0 2.1 5 0 2.1
—4 0 2.1 4 (0,2) 2.1
-3 0 2.1 3 0 3
-2 0 2.1 2 0 2.1
-1 (1,0) 2.1 1 (0,1) 2.1
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