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ON THE NUMBER OF CONVEX POLYOMINOES

IRA M. GESSEL

RÉSUMÉ. Lin et Chang ont donńe la śerie ǵeńeratrice du nombre de polyominos
convexes quis’inscrivent dans un rectangle minimal de formatm+1 parn+1. Nous
montrons que ce résultat entrâıne que le nombre de tels polyominos estégalà
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ABSTRACT. Lin and Chang gave a generating function for the number of convex
polyominoes with anm + 1 by n + 1 minimal bounding rectangle. We show that
their result implies that the number of such polyominoes is
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A polyominois a connected union of squares in the plane whose vertices are lattice
points. A polyomino is calledconvexif its intersection with any horizontal or vertical
line is either empty or a line segment. (Note that a convex polyomino is generally not
a convex polygon in the usual sense.) Any convex polyomino has a minimal bounding
rectangle whose perimeter is the same as that of the polyomino. Delest and Viennot
[2] found a generating function for counting convex polyominoes by perimeter and
showed that the number of convex polyominoes with perimeter 2n + 8, for n ≥ 0, is
(2n+ 11)4n−4(2n+ 1)

(2n
n

)
. Another proof of Delest and Viennot’s formula was given

by Kim [4].
Delest and Viennot’s generating function was independently discovered empirically

by Guttmann and Enting [3], and verified by Lin and Chang [5], who showed more
generally that the number of convex polyominoes with an(m + 1) × (n + 1) minimal
bounding rectangle is the coefficient ofx2my2n in

P (x, y) = A(x, y)− 4x2y2∆(x, y)−3/2,

where

A(x, y) =
(
1− 3x2− 3y2 + 3x4 + 3y4 + 5x2y2− x6− y6

−x4y2− y4x2− x2y2(x2− y2)2)/∆(x, y)2

Reçu le 23 juin 1999 et, sous forme définitive, le 20 d́ecembre 1999.
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and
∆(x, y) = 1− 2x2− 2y2 + (x2− y2)2

= (1 +x + y)(1 +x− y)(1− x + y)(1− x− y).

Another proof of Lin and Chang’s generating function was given by Bousquet-Mélou
and Guttman [1].

We show here that the coefficient ofx2my2n inP (x, y) is given by the simple explicit
formula
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which is easily seen to give a refinement of Delest and Viennot’s formula.
We will need the caseα = 3/2 of the formula

1
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=
∑
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xiyj , (2)

where(u)n = u(u + 1) · · · (u + n− 1). This formula is easily proved by expanding

1
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by the binomial theorem, extracting the coefficient ofxiyj , and evaluating the re-
sulting sum by Vandermonde’s theorem. As pointed out by Strehl [7, p. 180], (2) is
a consequence of classical formulas for Gegenbauer polynomials. (Replacex with
(x + y)/(x− y) andt with x− y in equation (1), p. 276, and equation (17), p. 279 of
Rainville [6].)

It follows immediately from (2) that

∆(x, y)−3/2 =
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m,n≥0
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x2my2n. (3)

We could use the caseα = 2 of (2) to find the coefficients ofA(x, y), but a different
approach, in which we derive the generating function from the explicit formula, is much
easier.

We start with
1
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∑
i,j≥0
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)
xiyj . (4)

Differentiating (4) with respect tox and multiplying byxy we obtain
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Now let

f(x) =
1

1− x− y +
1
2

xy

(1− x− y)2 .

Then from (4) and (5) follows

f(x, y) =
∑
i,j≥0
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i + j

(
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)
xiyj ,

where the summand is taken to be 1 fori = j = 0. We can extract the terms inf with
only even powers ofx andy by bisecting twice:

1
4
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)
=
∑
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(6)

It is straightforward to verify that the left side of (6) is equal toA(x, y). Then formula
(1) follows from (3) and (6).
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Résuḿe substantiel en français. Un polyominoest une ŕeunion connexe de carrés
dans le plan dont les sommets sont des points du réseauZ × Z. Un polyomino est
dit convexesi son intersection avec toute droite horizontale ou verticale est soit vide,
soit un segment de droite. Tout polyomino convexes’inscrit dans un rectangle minimal
dont le ṕerimètre est celui du polyomino. Delest et Viennot [2] ont trouvé une śerie
géńeratrice pour les polyominos convexesselon le ṕerimètre et ont montŕe que le
nombre de polyominos convexes de ṕerimètre 2n + 8 est(2n + 11)4n − 4(2n + 1)

(2n
n

)
,

pourn ≥ 0.
Lin et Chang [5] ont montŕe plus ǵeńeralement que le nombre de polyominos con-

vexesdont le rectangle minimal est de format(m + 1)× (n + 1) estégal au coefficient
dex2my2n dans

P (x, y) = A(x, y)− 4x2y2∆(x, y)−3/2 ,

où

A(x, y) =
(
1− 3x2− 3y2 + 3x4 + 3y4 + 5x2y2− x6− y6

−x4y2− y4x2− x2y2(x2− y2)2)/∆(x, y)2

et
∆(x, y) = 1− 2x2− 2y2 + (x2− y2)2

= (1 +x + y)(1 +x− y)(1− x + y)(1− x− y) .

Nous montrons ici,̀a partir de la fonction ǵeńeratrice de Lin et Chang, que ce
coefficient est donńe par la formule explicite
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