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CYCLIC CODES AND THEIR DUALS OVER Zm

TAHER ABUALRUB

RÉSUMÉ. Nous étudions dans ce papier les codes cycliques sur Zm comme étant des
Zm-sous-modules de ZmG et nous déterminons leurs ensembles générateurs mini-
maux. Nous étudions aussi les codes duals des codes cycliques et nous déterminons
leurs ensembles générateurs en tant qu’idéaux dans ZmG. Tout au long de ce papier,
nous supposons que m = qe, q un nombre premier et (n, q) = 1.

ABSTRACT. In this paper we study the cyclic codes over Zm as being Zm-submo-
dules of ZmG and we find their minimal generating sets. We also study the dual
codes of cyclic codes and find their generators as being ideals in ZmG. Throughout
this paper, we assume m = qe, q is a prime number and (n, q) = 1.

1. Introduction and preliminaries. Linear and cyclic codes over rings have been
discussed in a series of papers originating with Blake [3] and Wasson [9]. In recent
years, more work has been done for codes over Zm; it has been shown that some binary
nonlinear codes are binary images of appropriate linear codes over Z4 [6]. We start by
listing some important definitions needed for this work.

Definition 1.1. Let u = (u1, . . . , un) and v = (v1, . . . , vn) be two vectors over Zm.
We define an inner product over Zm by u · v = u1v1 + · · · + unvn. If u · v = 0, we say
u and v are orthogonal.

Definition 1.2. For a group G , the group ring ZmG is defined to be the set of all formal
sums

n∑
i=1

rigi where ri ∈ Zm and gi ∈ G with addition and multiplication defined by

n∑
i=1

rigi +
n∑

i=1

sigi =
n∑

i=1

(ri + si)gi,

n∑
i=1

rigi

n∑
j=1

sjgj =
n∑

i=1

n∑
j=1

risjgigj .

If G = 〈g〉 is a cyclic group of order n, then

ZmG ∼= Zm[X]/ 〈Xn − 1〉 = Zm[x].
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Elements of ZmG can thus be written as polynomials in x of degree less than n. These
in turn can be written as n-tuples. Thus we have the correspondence

n∑
i=1

rig
i −→

n∑
i=1

rix
i −→ (r1, . . . , rn).

Throughout this paper, we will assume that m = qe, q is a prime number and G is
cyclic of order n and (n, q) = 1.

Definition 1.3. A linear code over Zm is defined to be a Zm-submodule of ZmG.

Definition 1.4. By a cyclic code over Zm, we mean an ideal I in the group ring ZmG.
The elements of I are called codewords.

Definition 1.5. Let C be a linear code over Zm. We define the dual of C (which is
denoted by C⊥) to be the set of all vectors which are orthogonal to all codewords in C.
i.e.,

(1) C⊥ := {u : u · v = 0, for all v ∈ C} .

It is easy to see that if C is a linear code, then C⊥ is also a linear code.

Definition 1.6. A ring R is called an arithmetical ring if for any ideals A, B, and C in
R we have A ∩ (B + C) = (A ∩B) + (A ∩ C).

The following result was proved in [1].

Theorem 1.1. ZmG is a principal ideal ring. Moreover, any cyclic code (ideal) in
ZmG can be written as

I =
〈
ql0 , ql1h1, . . . , q

lshs, h
〉

=
〈
ql0 + ql1h1 + · · · + qlshs + h

〉
,

where h1 | h2 | · · · | hs | h | xn − 1 and e ≥ l0 > l1 > · · · > ls > 0.

Proof. See Theorem 3.5 in [1]. �
After this theorem has been proved, two questions came to mind: First, what are

the minimal generating sets for such codes as being Zm-submodules of ZmG? Second,
what are the generators of the duals of such codes and what is the relationship between
the generating set of a cyclic code and that of its dual? We answer the first question in
Section 2 and the second one in Section 3.

The following corollary is needed in the proof later.

Corollary 1.2. ZmG is an arithmetical ring.

Proof. See Lemma 3.13 in [1]. �
2. Cyclic codes over Zm. To find the minimal generating sets for such codes as being
Zm-submodules of ZmG, we first consider some special cases until we prove the main
case in Theorem 2.3.
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Lemma 2.1. Let C = 〈g(x)〉 be a cyclic code over Zm where g(x) is a factor of xn−1
over Zm and deg g(x) = r. Then C is a free Zm-submodule of ZmG with basis

(2) β =
{
g(x), xg(x), . . . , xn−r−1g(x)

}
.

Proof. Let C = 〈g(x)〉 be a cyclic code over Zm where g(x) is a factor of xn − 1 over
Zm and deg g(x) = r. Note that since g(x) | (xn − 1) in Zm, then g0 and gr are units
in Zm. First, we show that the elements in β are linearly independent. Suppose that,

(3) α0g(x) + α1xg(x) + · · · + αn−r−1x
n−r−1g(x) = 0,

for some α0, . . . , αn−r−1 in Zm. Then, by comparing coefficients it follows that the
constant coefficient in (3) is equal to 0 i.e., α0g0 = 0. Since g0 is a unit in Zm, then
α0 = 0. So, (3) becomes

(4) α1xg(x) + · · · + αn−r−1x
n−r−1g(x) = 0.

By comparing the coefficients of x in (4), we see that α1 = 0. Similarly, we show
that α2 = 0, . . . , αn−r−1 = 0 in that order. Therefore β is linearly independent.

Now we show that β spans C. Let c(x) ∈ 〈g(x)〉. Then there exists a polynomial
f(x) ∈ ZmG such that

c(x) = g(x)f(x),

where deg f(x) ≤ n− 1. If deg f(x) ≤ n− r− 1, then c(x) ∈ span(β). Otherwise, by
the division algorithm there exist polynomials κ(x), ρ(x) such that

(5) f(x) = ((xn − 1)/g(x))κ(x) + ρ(x),

where deg ρ(x) ≤ n− r − 1. Multiplying (5) by g(x) we obtain

g(x)f(x) = g(x)ρ(x).

Thus c(x) ∈ span(β). Therefore β spans C. Hence C is a free Zm-submodule of ZmG
with basis β. �
Lemma 2.2. Let C =

〈
qlh(x)

〉
be a cyclic code over Zm with deg h(x) = r, ql �= 0

and h(x) | (xn−1) in Zm. Then C is a Zm-submodule of ZmG with minimal generating
set.

β =
{

qlh(x), qlxh(x), . . . , qlxn−r−1h(x)
}

.

Proof. Let C =
〈
qlh(x)

〉
be a cyclic code over Zm with deg h(x) = r, ql �= 0 and

h(x) | (xn − 1) in Zm. We want to show that β spans C and is a minimal generating
set for C (i.e., none of the elements in β is a linear combination of the others). Let
c(x) ∈ C =

〈
qlh(x)

〉
. Then c(x) = qlh(x)µ(x) for some µ(x) ∈ ZmG. By Lemma

2.1, we obtain that

µ(x)h(x) = α0h(x) + α1xh(x) + · · · + αn−r−1x
n−r−1h(x),
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c(x) = α0q
lh(x) + α1q

lxh(x) + · · · + αn−r−1q
lxn−r−1h(x),

for some α0, . . . , αn−r−1 ∈ Zm. Therefore β spans C. Now we show that none of the
elements in β is a linear combination of the others over Zm. Suppose that,

(6)
qlxih(x) = α0q

lh(x) + α1q
lxh(x) + · · · + αi−1q

lxi−1h(x)

+ αi+1q
lxi+1h(x) + · · · + αn−r−1q

lxn−r−1h(x).

Since the leading coefficient of h is a unit in Zm and the largest power on the left-hand
side of the equation above is r + i, then αjq

l = 0 for all j = i + 1, . . . , n− r − 1. So,
the above equation becomes

(7) qlxih(x) = α0q
lh(x) + α1q

lxh(x) + · · · + αi−1q
lxi−1h(x).

But the largest power on the left-hand side of this equation is r + i while the largest
power on the right-hand side of the equation is r + i− 1, a contradiction. Therefore, β
is a minimal generating set for C. �
Theorem 2.3. Let

C =
〈
ql0 + ql1h1 + · · · + qlshs + h

〉

=
〈
ql0 , ql1h1, . . . , q

lshs, h
〉

be any cyclic code over Zm, where h1 | h2 | · · · | hs | h | xn − 1, deg hi = ri,
deg h = r for i = 1, . . . , s and e ≥ l0 > · · · > ls > 0. Then C is a Zm-submodule of
ZmG with minimal generating set given by all the nonzero elements of:

β =
{

h, xh, . . . , xn−r−1h; qlshs, xqlshs, . . . , x
r−rs−1qlshs; qls−1hs−1,

xqls−1hs−1, . . . , xrs−rs−1−1qls−1hs−1; . . . ; ql0 , xql0 , . . . , xr1−1ql0

}

Proof. Let

C =
〈
ql0 + ql1h1 + · · · + qlshs + h

〉

=
〈
ql0 , ql1h1, . . . , q

lshs, h
〉

be any cyclic code over Zm, where h1 | h2 | · · · | hs | h | xn − 1, deg hi = ri,
deg h = r for i = 1, . . . , s and e ≥ l0 > · · · > ls > 0. If any of the generators in C
above is equal to 0, then we eliminate it from C. So we may assume all the generators
above are nonzero. First, we show that β spans C. By Lemma 2.2, it suffices to show
that β spans

B =
{

xr−rsqlshs, . . . , x
n−rs−1qlshs; xrs−rs−1qls−1hs−1, . . . ,

xn−rs−1−1qls−1hs−1; . . . , ql0xr1 . . . , ql0xn−1

}

By similarity, we only need to show that β spans xr−rsqlshs. Since xr−rsqlshs, q
lsh ∈〈

qlshs

〉
, by Lemma 2.2, it follows that

xr−rsqlshs − qlsh = α0q
lshs + α1xqlshs + · · · + αr−rs−1x

r−rs−1qlshs

+ αr−rsx
r−rsqlshs + · · · + αn−rs−1x

n−rs−1qlshs.
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Since we may assume that h and hs are monic, then the largest power on the left-hand
side of the above equation is less than r. Therefore, αiq

i = 0 for i = r − rs, . . . , n−
rs − 1. Hence,

xr−rsqlshs = qlsh + α0q
lshs + α1xqlshs + · · · + αr−rs−1x

r−rs−1qlshs.

Hence, β spans B. Now, we show that none of the elements in β is a linear combination
of the others. Suppose that xqlshs is a linear combination of some elements in β −{
xqlshs

}
. (Note that the proof works if we choose any other element.) The largest

power in xqlshs is equal to rs + 1. By the way we constructed β, it is easy to see that no
linear combination of the elements in β −

{
xqlshs

}
will give a polynomial of degree

equal to rs + 1. So, β is a minimal generating set for C. �
3. The Dual Of Cyclic Codes Over Zm. In this section we find the generators of the
dual codes and the relationship between the generating set of a code and that of its dual.
We start by considering special cases until we prove our main result in Theorem 3.5.

Lemma 3.1. Let C = 〈g(x)〉 be a cyclic code over Zm with deg g(x) = r and
g(x)|(xn − 1) in Zm. Then the dual C⊥ of C is given by C⊥ = 〈k∗(x)〉, where
k(x) = (xn − 1)/g(x) = k0 + k1x + · · · + kn−rx

n−r and k∗(x) = xn−rk(1/x).
Moreover, C⊥ is a free Zm-submodule of ZmG with basis

{k∗(x), xk∗(x), . . . , xr−1k∗(x)},
and rank r.

Proof. The proof follows from Lemma 2.1 and the fact that (g0, . . . , gr, 0, . . . , 0) is
orthogonal to (kn−r, . . . , k0, 0, . . . , 0) and all of its cyclic shifts. �
Lemma 3.2. Let C =

〈
qlg(x)

〉
be a cyclic code over Zm with deg g(x) = r and

g(x)|(xn − 1) in Zm. Then C⊥ =
〈
qe−l, k∗(x)

〉
, where k∗(x) is as above.

Proof. Let C =
〈
qlg(x)

〉
be a cyclic code over Zm with deg g(x) = r and g(x)|(xn −

1) in Zm. Let k(x) = (xn − 1)/g(x) = k0 + k1x + · · · + kn−rx
n−r, and k∗(x) =

xn−rk(1/x) = kn−r + kn−r−1x + · · · + k0x
n−r. Since C ⊆

〈
ql

〉
and C ⊆ 〈g(x)〉, then

it follows from Lemma 3.1 that

〈k∗(x)〉 = 〈g(x)〉⊥ ⊆ C⊥, and〈
qe−l

〉
=

〈
ql

〉⊥
⊆ C⊥.

So 〈
qe−l, k∗(x)

〉
⊆ C⊥.

The other inequality follows from the fact that (kn−r, . . . , k0) is orthogonal to (qlg0,
. . . , qlgr, 0, . . . , 0) and all of its cyclic shifts. �
Lemma 3.3. Let C1, C2 be two linear codes in Zqe . Then

(C1 + C2)⊥ = C⊥1 ∩ C⊥2 .

Proof. The proof follows from Definition 1.5. �
Before we prove our next result, we need the following definition.
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Definition 3.1. Let R be a commutative ring with unity, and let a and b be nonzero
elements in R. A least common multiple of a and b is an element r of R such that

i) a|r and b|r, and
ii) if a|c and b|c, then r|c.

Let A1 = 〈a1〉 and A2 = 〈a2〉 be two principal ideals in a principal ideal ring. Then
it is easy to see that A1 ∩A2 is a principal ideal generated by one of the least common
multiples of a and b.

In case R = ZmG, then it is easy to see that for every monic polynomial α(x) ∈
ZmG, [qi, qjα(x)] = qmax(i,j)α(x). This will be freely used later on.

Theorem 3.4. Let
C =

〈
ql0 , ql1h1, . . . , q

lshs, h
〉

=
〈
ql0 + ql1h1 + · · · + qlshs + h

〉
,

where h1 | h2 | · · · | hs | h|xn − 1 and e ≥ l0 > l1 > · · · > ls > 0. Then

C⊥ =
〈
qe−lsk∗, qe−ls−1k∗s , q

e−ls−2k∗s−1, . . . , q
e−l0k∗1

〉

=
〈
qe−lsk∗ + qe−ls−1k∗s + qe−ls−2k∗s−1 + · · · + qe−l0k∗1

〉
,

where k∗i and k∗ are defined as in Lemma 3.1.

Proof. Let

C =
〈
ql0 , ql1h1, . . . , q

lshs, h
〉

=
〈
ql0 + ql1h1 + · · · + qlshs + h

〉
,

where h1 | h2 | · · · | hs | h|xn − 1 and e ≥ l0 > l1 > · · · > ls > 0. First, we prove the
result when h = 0. The proof is by induction on s.

If s = 0, then C⊥ =
〈
ql0

〉⊥ =
〈
qe−l0

〉
.

If s = 1, then since ZmG is an arithmetical ring, by Definition 1.6, Lemma 3.2 and
Lemma 3.3, it follows that

C⊥ =
〈
ql0 + ql1h1

〉⊥

=
(〈

ql0
〉

+
〈
ql1h1

〉)⊥

=
〈
ql0

〉⊥
∩

〈
ql1h1

〉⊥

=
〈
qe−l0

〉
∩

〈
qe−l1 , k∗1

〉

=
(〈

qe−l0
〉
∩

〈
qe−l1

〉)
+

(〈
qe−l0

〉
∩ 〈k∗1〉

)

=
〈
qe−l1

〉
+

〈
qe−l0k∗1

〉

=
〈
qe−l1 , qe−l0k∗1

〉
.
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Now, suppose that the theorem holds for i < s. Let

C =
〈
ql0 , ql1h1, . . . , q

ls−1hs−1, q
lshs

〉

=
〈
ql0 + ql1h1 + · · · + qls−1hs−1 + qlshs

〉
.

Then

C =
〈
ql0 , ql1h1, . . . , q

ls−1hs−1

〉
+

〈
qlshs

〉
,

and hence by the induction hypothesis, Definition 1.6, Lemma 3.2 and Lemma 3.3, it
follows that

C⊥ =
〈
ql0 , ql1h1, . . . , q

ls−1hs−1

〉⊥
∩

〈
qlshs

〉⊥

=
〈
qe−ls−1 , qe−ls−2k∗s−1, q

e−ls−3k∗s−2, . . . , q
e−l0k∗1

〉
∩

〈
qe−ls , k∗s

〉

=
〈
qe−ls−1 , qe−ls−2k∗s−1, q

e−ls−3k∗s−2, . . . , q
e−l0k∗1

〉
∩

(〈
qe−ls

〉
+ 〈k∗s〉

)

=
〈
qe−ls , qe−lsk∗s−1, . . . , q

e−lsk∗1 , qe−ls−1k∗s , q
e−ls−2k∗s−1, . . . , q

e−l0k∗1
〉

=
〈
qe−ls , qe−ls−1k∗s , q

e−ls−2k∗s−1, . . . , q
e−l0k∗1

〉
.

So, by mathematical induction the theorem holds when h = 0. Now, suppose h �= 0,
i.e.,

C =
〈
ql0 , ql1h1, . . . , q

lshs, h
〉

=
〈
ql0 + ql1h1 + · · · + qlshs + h

〉
.

Then

C⊥ =
〈
ql0 , ql1h1, . . . , q

lshs, h
〉⊥

=
〈
ql0 , ql1h1, . . . , q

lshs

〉⊥
∩ 〈h〉⊥

=
〈
qe−ls , qe−ls−1k∗s , q

e−ls−2k∗s−1, . . . , q
e−l0k∗1

〉
∩ 〈k∗〉

=
〈
qe−lsk∗, qe−ls−1k∗s , q

e−ls−2k∗s−1, . . . , q
e−l0k∗1

〉

=
〈
qe−lsk∗ + qe−ls−1k∗s + qe−ls−2k∗s−1 + · · · + qe−l0k∗1

〉
.

The last equation above follows from Theorem 1.1. �

The following corollary follows from Theorem 2.3 and Theorem 3.4.

Corollary 3.5. Let

C =
〈
ql0 , ql1h1, . . . , q

lshs, h
〉

=
〈
ql0 + ql1h1 + · · · + qlshs + h

〉
,
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where h1 | h2 | · · · | hs | h|xn − 1 and e ≥ l0 > l1 > · · · > ls ≥ 0. Then

C⊥ =
〈
qe−lsk∗, qe−ls−1k∗s , q

e−ls−2k∗s−1, . . . , q
e−l0k∗1

〉

=
〈
qe−lsk∗ + qe−ls−1k∗s + qe−ls−2k∗s−1 + · · · + qe−l0k∗1

〉
,

where k∗i and k∗ are defined as in Lemma 3.1. Moreover, C and C⊥ are Zm-submodules
of ZmG with minimal generating sets given by all the nonzero elements of:

β =
{

h, xh, . . . , xn−r−1h; qlshs, xqlshs, . . . , x
r−rs−1qlshs; qls−1hs−1,

xqls−1hs−1, . . . , xrs−rs−1−1qls−1hs−1; . . . ; ql0 , xql0 , . . . , xr1−1ql0

}

and

γ =
{

qe−lok∗1 , xqe−l0k∗1 , . . . ; xn−t1−1qe−l0k∗1 , qe−l1k∗2 , xqe−l1k∗2 ,

. . . , xt1−t2−1qe−t1k2; . . . ; qe−lsk∗, xqe−lsk∗, xts−1qe−lsk∗

}
,

where deg k∗i = ti, deg k∗ = t for i = 1, . . . , s.

Example. Consider the cyclic code C = 〈x− 1〉 in

Z4G ∼= Z4[x]/
〈
x3 − 1

〉
,

where G is a cyclic group of order 3. By Lemma 2.1, C is a free Z4-submodule of Z4G
with basis β = {x− 1, x(x− 1)} and rank (C) = 2. Moreover, C consists of the 16
codewords 


0, x− 1, 2x + 2, 1− x, x2 − x, 2x2 + 2x,
−x2 + x, x2 − 1, 2x2 − x− 1,−x2 + 2x− 1,
x2 + x + 2, 2x2 + 2, x2 + 2x + 1, 2x2 + x + 1,

−x2 + 1,−x2 − x + 2




Thus,

C =




000, 310, 220, 130,
031, 022, 013, 301
332, 323, 211, 202,
121, 112, 103, 233


 ,

and d(C) = 2 where d(C) denotes the Hamming weight of C. Also, C⊥ =
〈
x2 + x + 1

〉
is a free Z4-submodule of Z4G with basis γ =

{
x2 + x + 1

}
and rank(C⊥) = 1. More-

over C⊥ contains the codewords
{

0, x2 + x + 1, 2x2 + 2x + 2, -x2 − x− 1
}

.

Thus,
C⊥ = {000, 111, 222, 333} .
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Résumé substantiel en français. Nous étudions dans ce travail les codes cycliques et
leurs duaux sur Zm. Il a été prouvé dans le théorème 2 de [2] que tout code cyclique
C est un idéal principal dans l’anneau de groupe ZmG (où m = qe, q est un nombre
premier, G est un groupe abélien d’ordre n et (n, q) = 1) et peut être représenté sous
la forme:

C =
〈
ql0 , ql1h1, . . . , q

lshs, h
〉

=
〈
ql0 + ql1h1 + · · · + qlshs + h

〉
,

où h1 | h2 | · · · | hs | h|xn − 1, et e ≥ l0 ≥ l1 ≥ · · · ≥ ls.
Dans la section 2, nous étudions les codes cycliques comme étant des Zm-sous-

modules de ZmG. Dans le théorème 2.3, nous montrons qu’un ensemble générateur
minimal pour de tels codes est de la forme:

β =
{

h, xh, . . . , xn−r−1h; qlshs, xqlshs, . . . , x
r−rs−1qlshs; qls−1hs−1,

xqls−1hs−1, . . . , xrs−rs−1−1qls−1hs−1; . . . ; ql0 , xql0 , . . . , xr1−1ql0

}

Dans la section 3, nous étudions le dual d’un code cyclique sur Zm. Dans le théorème
3.5, nous montrons qu’en tant qu’idéal dans l’anneau de groupe ZmG, le dual (C⊥)
d’un code cyclique quelconque C est engendré par :

C⊥ =
〈
qe−lsk∗, qe−ls−1k∗s , q

e−ls−2k∗s−1, . . . , q
e−l0k∗1

〉

=
〈
qe−lsk∗ + qe−ls−1k∗s + qe−ls−2k∗s−1 + · · · + qe−l0k∗1

〉
,

où k(x) = (xn − 1)/h(x), ki(x) = (xn − 1)/hi(x), k∗(x) = k(1/x), k∗i (x) =
k(1/x), i = 1, . . . , s, et h(x), hi(x) sont comme ci-dessus. Pour finir, nous montrons
dans le corollaire 3.6 que le dual (C⊥) de tout code cyclique C pris comme un Zm-
sous-module de ZmG est engendré par :

γ =
{

qe−lok∗1 , xqe−l0k∗1 , . . . , xn−t1−1qe−l0k∗1 ; qe−l1k∗2 , xqe−l1k∗2 , . . . ,

xt1−t2−1qe−t1k2; . . . ; qe−lsk∗, xqe−lsk∗, xts−1qe−lsk∗

}
.
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